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• Unsupervised Learning
• Linear dimensionality reduction

• Principal component analysis

• Eigenvalue decomposition

• Reconstruction

• Non-linear dimensionality reduction
• Isomap

• How Isomap works?

• Other non-linear dimensionality reduction techniques

Outline



• A data point (feature) is always a column vector in ℝ𝑑 , with dimensionality 𝑑

• Feature matrix is a 𝑛 × 𝑑 matrix, concatenating 𝑛 data points (transposed)
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Matrix and Vector Convention

𝑥𝑖 =

𝑥1
𝑖

𝑥2
𝑖

…
𝑥𝑑

𝑖

∈ ℝ𝑑

𝑋 = 𝑥1, 𝑥2, … , 𝑥𝑛 ⊤ =

𝑥1⊤

𝑥2⊤

…

𝑥𝑛⊤

=

𝑥1
1 𝑥2

1 … 𝑥𝑑
1

𝑥1
2 𝑥2

2 … 𝑥𝑑
2

… … …
𝑥1

𝑛 𝑥2
𝑛 … 𝑥𝑑

𝑛

Data point #1

Feature #2



Dimensionality 
Reduction
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• The process of reducing the number of random variables under consideration 
• One can combine, transform or select variables

• One can use linear or nonlinear operations 
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What is Dimensionality Reduction?

0
0
0
1
1
1
0

0
0

Vector in ℝ𝑑

𝑥 =

𝑥1

𝑥2

…
𝑥𝑑

Original data point

𝑓 𝑥 : ℝ𝑑 → ℝ𝑑′

Where 𝑑′ ≪ 𝑑

𝑥 =

𝑧1

𝑧2

…
𝑧𝑑′

Reduced representation



• The dimension-reduced data can be used for
• Visualization

• Aggregating weak signals in the data

• Cleaning the data

• Speeding up subsequent learning task

• Simplify model

• Key questions of a dimensionality reduction algorithm
• What is the criterion for carrying out the reduction process?

• What are the algorithm steps? 
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Why Dimensionality Reduction and How to Think?



• Given 𝑛 data points, 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑

• Step 1: estimate the mean and covariance matrix from the data:
• 𝜇 =

1

𝑛
σ𝑖=1

𝑛 𝑥𝑖 and 𝐶 =
1

𝑛
σ𝑖=1

𝑛 𝑥𝑖 − 𝜇 𝑥𝑖 − 𝜇
⊤

• Step 2: take the eigenvectors 𝑤1, 𝑤2, …of 𝐶 corresponding to the largest eigenvalue 𝜆1, 
the second largest eigenvalue 𝜆2,…

• Step 3: compute reduced representation

𝑧𝑖 =

𝑤1⊤
𝑥𝑖 − 𝜇 / 𝜆1

𝑤2⊤
𝑥𝑖 − 𝜇 / 𝜆2

…

𝑤𝑑′ ⊤
𝑥𝑖 − 𝜇 / 𝜆𝑑′
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Principal Component Analysis



• There are many criteria (geometric based, information theory based, etc.)

• One criterion: want to capture variation in data
• Variations are “signals” or information in the data

• Need to normalize each variables first

• In the process, also discover variables or dimensions highly correlated
• Represent highly related phenomena

• Combine them to form a stronger signal

• Lead to simpler presentation
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Use What Criterion for Reduction?



• Given 𝑛 data points, 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑 , with their mean 𝜇 =
1

𝑛
σ𝑖=1

𝑛 𝑥𝑖

• Find a direction 𝑤 ∈ ℝ𝑑 , where 𝑤 = 1

• Such that the variance (or variation) of the data along direction 𝑤 is maximized

max
𝑤: 𝑤 =1

1

𝑛
σ𝑖=1

𝑛 𝑤⊤𝑥𝑖 − 𝑤⊤𝜇
2
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How to Formulate the Problem?

variance



•  Manipulate the objective with linear algebra

1

𝑛
෍

𝑖=1

𝑛

𝑤⊤𝑥𝑖 − 𝑤⊤𝜇
2

=
1

𝑛
෍

𝑖=1

𝑛

𝑤⊤ 𝑥𝑖 − 𝜇
2

=
1

𝑛
෍

𝑖=1

𝑛

𝑤⊤ 𝑥𝑖 − 𝜇 𝑥𝑖 − 𝜇
⊤

𝑤

= 𝑤⊤
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 − 𝜇 𝑥𝑖 − 𝜇
⊤

𝑤
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Is it an Easy Optimization Problem?

Covariance matrix



• Suppose the data has two dimension (𝑑 = 2)

• 𝐶 is a diagonal matrix

𝐶 =
1 0
0 2

• The optimization problem becomes
max

𝑤: 𝑤 =1
𝑤⊤𝐶𝑤

= max
𝑤: 𝑤 =1

𝑤1, 𝑤2
1 0
0 2

𝑤1

𝑤2
= max

𝑤: 𝑤 =1
𝑤1

2 + 2𝑤2
2
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Landscape of the Optimization Problem



𝑓 𝑤1, 𝑤2 = 𝑤1
2 + 2𝑤2

2 
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Landscape of the Optimization Problem

3

2.5

2

1.5

1

0.5

0
1

0.5

0

-0.5

-1 -1

-0.5
0

0.5

1



• Eigenvalue problem
• Given a symmetric matrix 𝐶 ∈ ℝ𝑑×𝑑

• Find a vector 𝑤 ∈ ℝ𝑑 and 𝑤 = 1

• Such that
𝐶𝑤 = 𝜆𝑤

• There will be multiple solution of 𝑤1, 𝑤2, … , 𝑤𝑑 with different 𝜆1, 𝜆2, … 𝜆𝑑

• They are orthonormal: 𝑤𝑖⊤
𝑤𝑖 = 1, 𝑤𝑖⊤

𝑤𝑗 = 0 
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Eigenvalue Problem



• Claim:
max

𝑤: 𝑤 =1
𝑤⊤𝐶𝑤 ⇒ 𝐶𝑤 = 𝜆𝑤

• Proof: Form the Lagrangian function of the optimization problem
𝐿 𝑤, 𝜆 = w⊤𝐶𝑤 + 𝜆 1 − 𝑤 2

• If 𝑤 is a maximum of the original optimization problem, then there exists a 𝜆, 
where 𝑤, 𝜆  is a stationary point of 𝐿 𝑤, 𝜆 .

• This implies that:

0 =
𝜕𝐿

𝜕𝑤
= 2𝐶𝑤 − 2𝜆𝑤
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Equivalent to Eigenvalue Problem

Necessary 
condition

https://en.wikipedia.org/wiki/Lagrange_multiplier


• Principal direction 𝑤 satisfies

𝐶𝑤 = 𝜆𝑤

• Variance in principal direction is
𝑤⊤𝐶𝑤

= 𝜆𝑤⊤𝑤
= 𝜆
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Variance in the Principal Direction

Eigenvalue



• Direction 𝑤1, 𝑤2, … , 𝑤𝑑 , which has

• the largest variances

• but are also orthogonal to each other

• Take the eigenvectors 𝑤1, 𝑤2, … , 𝑤𝑑 of C corresponding to

• The largest eigenvalue 𝜆1, the second largest eigenvalue 𝜆2, …
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Multiple Principal Directions



• Given 𝑚 data points, 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑

• Step 1: estimate the mean and covariance matrix from the data:

• 𝜇 =
1

𝑛
σ𝑖=1

𝑛 𝑥𝑖 and 𝐶 =
1

𝑛
σ𝑖=1

𝑛 𝑥𝑖 − 𝜇 𝑥𝑖 − 𝜇
⊤

• Step 2: take the eigenvectors 𝑤1, 𝑤2, … , 𝑤𝑑′
 of 𝐶 corresponding to the largest eigenvalue 

𝜆1, the second largest eigenvalue 𝜆2,…

• Step 3: compute reduced representation

𝑧𝑖 =

𝑤1⊤
𝑥𝑖 − 𝜇 / 𝜆1

𝑤2⊤
𝑥𝑖 − 𝜇 / 𝜆2

…

𝑤𝑑′ ⊤
𝑥𝑖 − 𝜇 / 𝜆𝑑′17

Principal Component Analysis (Revisit)

Principal directions

Normalize by 
standard deviation
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An Example
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An Example

Data varies more in 
this direction

Data varies less in 
this direction

Two features are 
correlated
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Principal Directions of the Data

𝑍′

𝑍
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Reduce to 1 Dimension

𝑍′

𝑍

5
-2
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Are Principal Components Good for Classification?



• Visualization: reduce dimension to 2 or 3 dimensions so that you can plot

• Feature distribution: analyze variance, mean, distribution, etc.

• Feature engineering: identify independent principal directions, reduce # of features (e.g., 
# features >> # data) 

• Data compression

• Drawbacks:
• Lose interpretability

• Larger variance ≠ more information/predictability
• Label agnostic, i.e., may not fit labels well
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When to Use PCA?
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PCA on Leaves
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Input Features (representation)

8 shape features
6 texture features



26

Reduce Representation

0.0938   0.1924

0.1902   0.0253

0.2266  -0.1800

-0.1850  0.4084

-0.1600  0.3825

-0.2063  0.3488

0.1940  -0.4037

0.2150  -0.3566

-0.3723 -0.2001

-0.3657 -0.1974

-0.3602 -0.2037

-0.3175 -0.1886

-0.3056 -0.1243

-0.3482 -0.1829

Principal directions:

Shape 
features

Texture 
features

𝑤1 𝑤2



• Given data mean 𝜇, principal directions 𝑤1, 𝑤2, … , 𝑤𝑑 , and the corresponding 
eigenvalues 𝜆1, 𝜆2, …

• Can we recover 𝑥𝑖 from the reduced representation 𝑧𝑖 approximately? 

𝑧𝑖 =

𝑧1
𝑖

𝑧2
𝑖

…

𝑧𝑑′
𝑖

=

𝑤1⊤
𝑥𝑖 − 𝜇 / 𝜆1

𝑤2⊤
𝑥𝑖 − 𝜇 / 𝜆2

…

𝑤𝑑′⊤
𝑥𝑖 − 𝜇 / 𝜆𝑑′

• 𝑥𝑖 ≈ ො𝑥𝑖 = 𝜇 + 𝑧1
𝑖 ⋅ 𝜆1 ⋅ 𝑤1 + 𝑧2

𝑖 ⋅ 𝜆2 ⋅ 𝑤2 + ⋯
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How to Recover the Original Data Point



28

Reduce to 1-Dim, Reconstruct 2-Dim

𝑍′

𝑍

𝑥𝑖 ≈ ො𝑥𝑖 = 𝜇 + 𝑧1
𝑖 ⋅ 𝜆1 ⋅ 𝑤1 + 𝑧2

𝑖 ⋅ 𝜆2 ⋅ 𝑤2 + ⋯



Non-linear 
Dimensionality 

Reduction
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• Suitable when variables are linearly correlated

• Not suitable when nonlinear structures are present
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Limitation of PCA



• PCA uses linear projection 𝑤⊤𝑥, implicitly assuming Euclidean distance is the 
dissimilarity (distance) measure

• When there are nonlinear structure, Euclidean distance is not the right distance 
measure globally.
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What’s Wrong with PCA?
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What’s a Reasonable Distance Measure?

Long range distance 

more like walking in 

data cloud (manifold)
Local Euclidean 

distance is ok!



• Given 𝑛 data points, threshold 𝜖, construct adjacency matrix 𝐴 ∈ ℝ𝑛×𝑛

𝐴𝑖𝑗 = ቊ
1,
0,

 
if 𝑥𝑖 − 𝑥𝑗 ≤ 𝜖

otherwise
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Using Neighbor Graph to Define Distance

𝜖 𝜖

𝑥1

𝑥4

𝑥5

𝑥2

𝑥7

𝑥6

𝑥3



• With the graph defined by 𝐴 ∈ ℝ𝑛×𝑛 , find the shortest path distance matrix 𝐷 
between any pairs of points.
• Aka. graph distance matrix

• The shortest path distance matrix 𝐷 can be computed by:

• Floyd-Warshall algorithm (all pair shortest path problem)
• Cost: 𝑂 𝑉 3 = 𝑂 𝑛3

• Dijkstra’s algorithm * n

• Cost: 𝑂 𝑛 𝐸 + 𝑉 log 𝑉 = 𝑂 𝑛 𝐸 + 𝑛2 log 𝑛
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Shortest Path Distance

Images from Wikipedia 

How many steps to 

move from one point to 

another



• Goal: Given the distance matrix 𝐷, find representation 𝑧𝑖 ∈ ℝ𝑑′
 ∀𝑖 such that

𝐷𝑖𝑗
2 = 𝑧𝑖 − 𝑧𝑗 2

= 𝑧𝑖 − 𝑧𝑗 ⊤
𝑧𝑖 − 𝑧𝑗

= 𝑧𝑖⊤
𝑧𝑖 + 𝑧𝑗⊤

𝑧𝑗 − 2𝑧𝑖⊤
𝑧𝑗

• In matrix format, let 𝑍 = z1, 𝑧2, … , 𝑧𝑛 ⊤ ∈ ℝ𝑛×𝑑′

𝐷 2 = 𝑎1⊤ + 1𝑎⊤ − 2𝑍𝑍⊤ ∈ ℝ𝑛×𝑛.    (pairwise distance)

  where 𝑎 = 𝑧1⊤
𝑧1, 𝑧2⊤

𝑧2, … , 𝑧𝑛⊤
𝑧𝑛

⊤
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From Distances to Reconstruct Representation



• Construct a special centering matrix 𝐻 = 𝐼 −
1

𝑛
11⊤

• Verify

• 𝐼 −
1

𝑛
11⊤ 1𝑎⊤ 𝐼 −

1

𝑛
11⊤ = 0

• 𝐼 −
1

𝑛
11⊤ 𝑎1⊤ 𝐼 −

1

𝑛
11⊤ = 0

• Then apply 𝐻 to both side of 𝐷 2

• 𝐶 = −
1

2
𝐻 𝐷 2𝐻 = −

1

2
𝐻 𝑎1⊤ + 1𝑎⊤ − 2𝑍𝑍⊤ 𝐻 = 𝐻𝑍𝑍⊤𝐻

• 𝐻𝑍 = 𝐼 −
1

𝑛
11⊤ 𝑍 = 𝑍 − 𝜇1⊤ = ෨𝑍

• Ultimately we get 𝐶 = ෨𝑍 ෨𝑍⊤
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From Distances to Reconstruct Representation



• Given 𝐶 = −
1

2
𝐻 𝐷 2𝐻 = ෨𝑍 ෨𝑍⊤

• Perform eigenvalue decomposition on 𝐶
• 𝐶𝑤 = 𝜆𝑤

• Take the eigenvectors 𝑤1, 𝑤2, … of 𝐶 corresponding to
• The largest eigenvalue 𝜆1, as the first coordinate

• The second largest eigenvalue 𝜆2, as the second coordinate…

• Reduced representation

෨𝑍 = 𝑤1, 𝑤2, … , 𝑤𝑑′
𝜆1

1/2

…

𝜆
𝑑′
1/2
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Obtain Low-dimensional Representation



• Given 𝑛 data points, 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ ℝ𝑑

• Step 1: build a weighted graph 𝐴 using nearest neighbors, and compute pairwise 
shortest distance matrix 𝐷

• Step 2: use a centering matrix 𝐻 = 𝐼 −
1

𝑛
11⊤ to define covariance matrix

𝐶 = −
1

2
𝐻 𝐷 2𝐻

Where 𝐷 2 = 𝐷𝑖𝑗
2

𝑖,𝑗∈[1,2,…,𝑛]

• Step 3: compute leading eigenvectors 𝑤1, 𝑤2, … , 𝑤𝑑′
 and eigenvalues 𝜆1, 𝜆2, … , 𝜆𝑑′  of 𝐶

෨𝑍 = 𝑤1, 𝑤2, … , 𝑤𝑑′
𝜆1

1/2

…

𝜆
𝑑′
1/2
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Isomap
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Swissroll
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Swissroll



41

Faces



42

Handwritten Digits



• PCA reduces dimensions by finding the top-k principal directions
• Principal directions are equivalent to the directions with largest eigenvalues 

of the covariance matrix

• It is also equivalent to directions that maximize the variance

• When to use dimensionality reduction?
• Feature distribution analysis, feature engineering

• Visualization

• Note that dimensionality reduction finds directions maximizing variance, 
but not the predictive power

• When to use linear/non-linear dimensionality reduction?
• Linear/non-linear similarity/distance metric

• Non-linear dimensionality reduction: Isomap, SNE, t-SNE, kernel PCA

43

Takeaway

T-SNE embeddings 
of MNIST dataset

https://en.wikipedia.org/wiki/Isomap
https://en.wikipedia.org/wiki/T-distributed_stochastic_neighbor_embedding
https://en.wikipedia.org/wiki/T-distributed_stochastic_neighbor_embedding
https://en.wikipedia.org/wiki/T-distributed_stochastic_neighbor_embedding
https://en.wikipedia.org/wiki/Kernel_principal_component_analysis
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   ℝ d


  d


  n × d


  n


   x i =  [       x 1 i     x 2 i    …     x d i ] ∈  ℝ d


  X =    [   x 1 ,  x 2 , … ,  x n ] ⊤ =  [         x 1 ⊤       x 2 ⊤    …       x n ⊤ ] =  [      x 1 1   x 2 1  …   x d 1    x 1 2   x 2 2  …   x d 2   …  …   …    x 1 n   x 2 n  …   x d n ]


   ℝ d


  x =  (       x 1     x 2    …     x d )


  f  ( x ) :  ℝ d →  ℝ   d ′


   d ′ ≪ d


  x =  (       z 1     z 2    …     z   d ′ )


  n


   {   x 1 ,  x 2 , … ,  x n } ∈  ℝ d


  𝜇 =  1 n  ∑  i = 1 n   x i


  C =  1 n  ∑  i = 1 n   (   x i − 𝜇 )    (   x i − 𝜇 ) ⊤


   w 1 ,    w 2 ,   …


  C


   𝜆 1


   𝜆 2


   z i =  (             w 1 ⊤  (   x i − 𝜇 ) /    𝜆 1       w 2 ⊤  (   x i − 𝜇 ) /    𝜆 2    …       w   d ′ ⊤  (   x i − 𝜇 ) /    𝜆   d ′ )


  n


   {   x 1 ,  x 2 , … ,  x n } ∈  ℝ d


  𝜇 =  1 n  ∑  i = 1 n   x i


  w ∈  ℝ d


   ‖ w ‖ = 1


  w


      max  w :  ‖ w ‖ = 1 ⁡   1 n  ∑  i = 1 n     (   w ⊤  x i −  w ⊤ 𝜇 ) 2


   1 n  ∑  i = 1 n     (   w ⊤  x i −  w ⊤ 𝜇 ) 2


  =  1 n  ∑  i = 1 n     (   w ⊤  (   x i − 𝜇 ) ) 2


  =  1 n  ∑  i = 1 n   w ⊤  (   x i − 𝜇 )    (   x i − 𝜇 ) ⊤ w


  =  w ⊤  (   1 n  ∑  i = 1 n   (   x i − 𝜇 )    (   x i − 𝜇 ) ⊤ ) w


  d = 2


  C


  C =  (     1  0   0  2 )


      max  w :    ‖ w ‖ = 1 ⁡   w ⊤ C w


  =     max  w :    ‖ w ‖ = 1 ⁡   (   w 1 ,  w 2 )  (     1  0   0  2 )  (       w 1     w 2 )


  =     max  w :    ‖ w ‖ = 1 ⁡   w 1 2 + 2  w 2 2


  f  (   w 1 ,  w 2 ) =  w 1 2 + 2  w 2 2


  C ∈  ℝ  d × d


  w ∈  ℝ d


   ‖ w ‖ = 1


  C w = 𝜆 w


   w 1 ,  w 2 , … ,  w d


   𝜆 1 ,  𝜆 2 , …  𝜆 d


     w i ⊤  w i = 1 ,      w i ⊤  w j = 0


      max  w :  ‖ w ‖ = 1 ⁡   w ⊤ C w ⇒ C w = 𝜆 w


  L  (  w , 𝜆 ) =  w ⊤ C w + 𝜆  (  1 −    ‖ w ‖ 2 )


  w


  𝜆


   (  w ,   𝜆 )


  L  (  w , 𝜆 )


  0 =   𝜕 L  𝜕 w = 2 C w − 2 𝜆 w


  w


  C w = 𝜆 w


   w ⊤ C w


  = 𝜆  w ⊤ w


  = 𝜆


   w 1 ,  w 2 , … ,  w d


   w 1 ,  w 2 , … ,  w d


   𝜆 1


   𝜆 2


  m


   {   x 1 ,  x 2 , … ,  x n } ∈  ℝ d


  𝜇 =  1 n  ∑  i = 1 n   x i


  C =  1 n  ∑  i = 1 n   (   x i − 𝜇 )    (   x i − 𝜇 ) ⊤


   w 1 ,    w 2 ,   … ,    w   d ′


  C


   𝜆 1


   𝜆 2
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