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• Unsupervised learning
• Density estimation

• Parametric models

• Non-parametric models

• Kernel density estimation

• Gaussian mixture models
• Expectation-Maximization algorithm

Outline



Density Estimation



• Learn more about the “shape” of the data cloud

• Assess the likelihood of seeing a particular data point
• Is this a typical data point? (high density value)

• Is this an abnormal data point / outlier? (low density value)

What is Density Estimation?
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Example: Test Scores (conti.)



6

Example: Test Scores (conti.)



Parametric Models
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• Models which can be described by a fixed number of parameters

• Discrete case: e.g., Bernoulli distribution
𝑃 𝑥 𝜃 = 𝜃𝑥 1 − 𝜃 1−𝑥

• One parameter 𝜃 ∈ 0,1 , which generates a family of models: ℱ = 𝑃 𝑥 𝜃  | 𝜃 ∈ 0,1  

• Continuous case: e.g., multivariate Gaussian distribution

𝑃 𝑥 𝜇, Σ =
1

Σ
1
2 2𝜋

𝑛
2

exp −
1

2
𝑥 − 𝜇 ⊤Σ−1 𝑥 − 𝜇

• Two sets of parameters 𝜇, Σ , which again generate a family of models: ℱ = ሼ
ሽ

𝑃 𝑥 𝜇, Σ  | 𝜇 ∈
ℝ𝑛, Σ ∈ ℝ𝑛×𝑛 𝑎𝑛𝑑 𝑃𝑆𝐷  
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Parametric Models



• A very popular estimator is the maximum likelihood estimator (MLE), which is 
simple and has good statistical properties.

• Assume that 𝑛 data points 𝐷 = 𝑥1, 𝑥2, … , 𝑥𝑛  drawn independently and identically 
(i.i.d.) from some distribution 𝑃∗ 𝑥

• Fit the model 𝑃 𝑥 𝜃  to the dataset 𝐷

𝜃 = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃 log ෑ

𝑖=1

𝑛

𝑃(𝑥𝑖|𝜃)
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Maximum Likelihood Estimator



• Estimate the probability 𝜃 of landing in heads using a biased coin

• Given a sequence of 𝑛 independently and identically distributed (i.i.d.) flips
• E.g., 𝐷 = 𝑥1, 𝑥2, … , 𝑥𝑛 𝑒. 𝑔. , 1,0,1, … , 0 .  where 𝑥𝑖 ∈ 0,1

• Model: 𝑃 x 𝜃 = 𝜃𝑥 1 − 𝜃 𝑥

• 𝑃 𝑥 𝜃) = ቊ
1 − 𝜃.  𝑓𝑜𝑟 𝑥 = 0
𝜃.  𝑓𝑜𝑟 𝑥 = 1
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Example: Biased Coin



• Likelihood: 𝑃 𝐷 𝜃 = 𝜃𝑛ℎ𝑒𝑎𝑑 1 − 𝜃 𝑛𝑡𝑎𝑖𝑙

• 𝑛ℎ𝑒𝑎𝑑 : number of heads, 𝑛𝑡𝑎𝑖𝑙: number of tails

• Log-likelihood:
𝑙 𝜃; 𝐷 = log 𝑃 𝐷 𝜃 = log 𝜃𝑛ℎ𝑒𝑎𝑑 1 − 𝜃 𝑛𝑡𝑎𝑖𝑙

= 𝑛ℎ𝑒𝑎𝑑 log 𝜃 + 𝑛 − 𝑛ℎ𝑒𝑎𝑑 log 1 − 𝜃

• Maximize 𝑙 𝜃; 𝐷  w.r.t. 𝜃. We can set the derivative w.r.t. 𝜃 to be 0.
𝜕𝑙

𝜕𝜃
=

𝑛ℎ𝑒𝑎𝑑

𝜃
−

𝑛 − 𝑛ℎ𝑒𝑎𝑑

1 − 𝜃
= 0

⇒ ෠𝜃𝑀𝐿𝐸 =
𝑛ℎ𝑒𝑎𝑑

𝑛
 or ෠𝜃𝑀𝐿𝐸 =

1

𝑛
σ𝑖=1

𝑛 𝑥𝑖
11

MLE of Biased Coin



• Univariate Gaussian distribution in ℝ

𝑃 𝑥 𝜇, 𝜎 =
1

2𝜋
1
2𝜎

exp −
1

2𝜎2
𝑥 − 𝜇 2

• Need to estimate two sets of parameters 𝜇, 𝜎

• Given 𝑛 i.i.d. samples
𝐷 = 𝑥1, 𝑥2, … , 𝑥𝑛 ,  𝑥𝑖 ∈ ℝ

• Likelihood of one data point:

𝑃 𝑥 𝜇, 𝜎 ∝ exp −
1

2𝜎2
𝑥𝑖 − 𝜇

2
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Example: Gaussian Distribution

Samples



• Objective function, log likelihood

𝑙 𝜇, 𝜎; 𝐷 = log ෑ

𝑖=1

𝑛
1

2𝜋
1
2𝜎

exp −
1

2𝜎2
𝑥𝑖 − 𝜇

2

= −
𝑛

2
log 2𝜋 −

𝑛

2
log 𝜎2 − ෍

𝑖=1

𝑛
𝑥𝑖 − 𝜇

2

2𝜎2

• Maximize 𝑙 𝜇, 𝜎; 𝐷  with respect to 𝜇, 𝜎. Set derivatives w.r.t. 𝜇, 𝜎2 to be 0

𝜕𝑙

𝜕𝜇
= 0,

𝜕𝑙

𝜕𝜎2
= 0

13

MLE for Gaussian Distribution



𝜕𝑙

𝜕𝜇
= ෍

𝑖=1

𝑛
𝑥𝑖 − 𝜇

𝜎2
= 0

⇒ ෍

𝑖=1

𝑛

𝑥𝑖 = 𝑛𝜇  ⇒ 𝜇 =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖

𝜕𝑙

𝜕𝜎2
= −

𝑛

2𝜎2
+

1

2𝜎4
෍

𝑖=1

𝑛

𝑥𝑖 − 𝜇
2

= 0

⇒ ෍

𝑖=1

𝑛

𝑥𝑖 − 𝜇
2

= 𝑛𝜎2.  ⇒ 𝜎2 =
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 − 𝜇
2
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MLE for Gaussian Distribution
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Density Example



Nonparametric Models
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• E.g., histogram

• E.g., kernel density estimator

• What are nonparametric models?
• “Nonparametric” does NOT mean there are no parameters

• Nonparametric models can NOT be described by a fixed number of parameters

• One can think of there are many many (infinite) parameters

17

Nonparameteric Models



• One of the simplest nonparameteric density estimator

• Given 𝑛 i.i.d. samples 𝐷 = 𝑥1, 𝑥2, … , 𝑥𝑛 , 𝑥𝑖 ∈ [0,1)

• Split 0,1  into 𝑚 bins

𝐵1 = 0,
1

𝑚
, 𝐵2 =

1

𝑚
,

2

𝑚
, … , 𝐵𝑚 =

𝑚 − 1

𝑚
, 1

• Count the number of points: 𝑐1 points in 𝐵1, 𝑐2 points in 𝐵2,…

• For a new test point 𝑥

𝑝 𝑥 = σ𝑗=1
𝑚 𝑚𝑐𝑗

𝑛
𝐼(𝑥 ∈ 𝐵𝑗)    (probability density function)18

1-D Histogram



• Requirement for density 𝑝(𝑥)

• 𝑝 𝑥 ≥ 0, ׬ 
Ω

𝑝 𝑥 𝑑𝑥 = 1

• For histogram,

න
Ω

𝑝 𝑥 𝑑𝑥 = න
0,1

෍

𝑗=1

𝑚
𝑚𝑐𝑗

𝑛
𝐼(𝑥 ∈ 𝐵𝑗) 𝑑𝑥

= ෍

𝑗=1

𝑚

න
j−1
𝑚

,
𝑗

𝑚

𝑚𝑐𝑗

𝑛
 𝑑𝑥

= ෍

𝑗=1

𝑚
𝑐𝑗

𝑛
= 1
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Why is Histogram Valid?
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Output Depends on Where You Put the Bins



21

Output Depends on Where You Put the Bins



• Given 𝑛 i.i.d. samples 𝐷 = 𝑥1, 𝑥2, … , 𝑥𝑛 , 𝑥𝑖 ∈ 0,1 𝑑

• Split 0,1 𝑑 evenly into 𝑚𝑑 bins

𝐵1 = 0,
1

𝑚
× 0,

1

𝑚
× ⋯ × 0,

1

𝑚
,

𝐵2 =
1

𝑚
,

2

𝑚
× 0,

1

𝑚
× ⋯ × 0,

1

𝑚
,

…

𝐵𝑚𝑑 =
𝑚 − 1

𝑚
, 1 ×

𝑚 − 1

𝑚
, 1 × ⋯ ×

𝑚 − 1

𝑚
, 1

• Bin size is ℎ =
1

𝑚
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Higher Dimensional Histogram
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Class Scores



• Problem: too many bins! Not good for high dimensional data
• If 𝑚𝑑 is larger than the number of samples 𝑛, most bins are empty
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Computation Consideration



Kernel Density Estimation
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• Have you ever wondered why is histogram rectangle?

26

Kernel Functions

𝐾 𝑢 =
3

4
1 − 𝑢2 𝐼 𝑢 ≤ 1

𝐾 𝑢 =
𝜋

4
cos

𝜋

2
𝑢 𝐼 𝑢 ≤ 1



• Kernel density estimator

𝑝 𝑥 =
1

𝑛
෍

𝑖=1

𝑛
1

ℎ
𝐾

𝑥𝑖 − 𝑥

ℎ

• Smoothing kernel function
• 𝐾 𝑢 ≥ 0

• ׬ 𝐾 𝑢 𝑑𝑢 = 1

• ׬ 𝑢𝐾 𝑢 𝑑𝑢 = 0

• ׬ 𝑢2𝐾 𝑢 𝑑𝑢 < ∞

• An example: Gaussian kernel 𝐾 𝑢 =
1

2𝜋 
𝑒−𝑢2/2

27

Kernel Density Estimation
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Example

𝑝 𝑥 =
1

𝑛
෍

𝑖=1

𝑛
1

ℎ
𝐾

𝑥𝑖 − 𝑥

ℎ
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Effect of the Kernel Bandwidth ℎ

𝑝 𝑥 =
1

𝑛
෍

𝑖=1

𝑛
1

ℎ
𝐾

𝑥𝑖 − 𝑥

ℎ
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Two-dimensional Example
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Parametric v.s. Nonparametric
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Parametric v.s. Nonparametric



• Parametric models rely on strong (simplistic) distributional assumptions

• Nonparametric models place mild assumptions on the data distribution and 
provide good models for complex data

• Parametric models (once fitted) are much more efficient in terms of storage and 
computation.

• Nonparametric models requires storing and computing with the entire data set.
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Parametric v.s. Nonparametric



Gaussian Mixture Models
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• Can we have a more flexible model than Gaussian, but less parameter than KDE?

35

Density Estimation

Bimodal



• A density model 𝑝 𝑋  may be multi-modal
• Model it as a mixture of uni-modal distributions (e.g., Gaussians)

𝒩 𝑋 𝜇𝑘 , Σ𝑘 ≔
1

Σ𝑘

1
2 2𝜋

𝑑
2

exp −
1

2
𝑋 − 𝜇𝑘

⊤Σ−1 𝑋 − 𝜇𝑘

• Consider a mixture of 𝐾 Gaussians
• 𝑝 𝑋 ≔ σ𝑘=1

𝐾 𝜋𝑘 𝒩 𝑋 𝜇𝑘 , Σ𝑘

• Question: parametric or nonparametric?

• Learn 𝜋𝑘 ∈ 0,1 , 𝜇𝑘 , Σ𝑘

36

Gaussian Mixture Model

Mixing proportion Mixing components

𝓝 𝑿 𝝁𝟐, 𝚺𝟐

𝓝 𝑿 𝝁𝟏, 𝚺𝟏



• Given 𝑝 𝑋 ≔ σ𝑘=1
𝐾 𝜋𝑘 𝒩 𝑋 𝜇𝑘 , Σ𝑘 , how to generate a data point 𝑥𝑖~𝑝?

• Randomly choose a mixture component, 𝑧𝑖 ∈ 1,2, … , 𝐾 , with probability 𝜋𝑧𝑖

• Sample 𝑥𝑖 from the corresponding Gaussian distribution 𝒩 𝑋 𝜇𝑧𝑖 , Σ𝑧𝑖

• Joint distribution 𝑝 𝑥, 𝑧  over 𝑥 and 𝑧:
𝑝 𝑥, 𝑧 = 𝜋𝑧𝒩 𝑋 𝜇𝑧, Σ𝑧

• Marginal distribution 𝑝 𝑥

𝑝 𝑥 = ෍

𝑧=1

𝐾

𝑝 𝑥, 𝑧 = ෍

𝑧=1

𝐾

𝑝 𝑥|𝑧 𝑝 𝑧

37

A Generative Process for Data Points

𝑥1

𝑧1 = 1



• We know how to sample. But how to learn the parameters?

• Maximum likelihood estimation (MLE) by letting 𝜃 = 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 𝑘=1,2,…,𝐾:

𝜃∗ = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃  𝑙 𝜃; 𝐷 ≔ log 𝑃 𝐷|𝜃

• Use our generative process

𝑙 𝜃; 𝐷 = log ෑ

𝑖=1

𝑛

𝑝 𝑥𝑖|𝜃

= log ෑ

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝑝 𝑥𝑖 , 𝑧𝑖 = 𝑘|𝜃

= log ෑ

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝑝 𝑥|𝜇𝑘 , Σ𝑘 𝑝 𝑧𝑖 = 𝑘|𝜋
38

Learning the Parameters



• The likelihood of the data becomes:

𝑙 𝜃; 𝐷 = log ෑ

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝑝 𝑥|𝜇𝑘 , Σ𝑘 𝑝 𝑧𝑖 = 𝑘|𝜋

= log ෑ

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝜋𝑘  𝒩 𝑥 𝜇𝑘 , Σ𝑘

39

Why is Learning Hard?

Nonconvex! 

Difficult!



• Associate each data and each component with a 𝜏𝑘
𝑖

• Initialized 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 , 𝑘 = 1,2, … , 𝐾

• Iterate the following two steps until convergence:
• Expectation step (E-step, Gaussian assignment): update 𝜏𝑘

𝑖  given the current 𝜋𝑘 , 𝜇𝑘 , Σ𝑘

𝜏𝑘
𝑖 = 𝑝 𝑧𝑖 = 𝑘 | 𝐷, 𝜇, Σ =

𝜋𝑘  𝒩 𝑥 𝜇𝑘 , Σ𝑘

σ
𝑘′=1
𝐾 𝜋𝑘′  𝒩 𝑥 𝜇𝑘′ , Σ𝑘′

,  ∀𝑘 ∈ 1,2, … , 𝐾 ; 𝑖 ∈ 1,2, … , 𝑛  

• Maximization step (M-step, Gaussian adjustment): update 𝜋𝑘 , 𝜇𝑘 , Σ𝑘  given 𝜏𝑘
𝑖

𝜋𝑘 =
σ𝑖 𝜏𝑘

𝑖

𝑛
,  𝜇𝑘 =

σ𝑖 𝜏𝑘
𝑖 𝑥𝑖

σ𝑖 𝜏𝑘
𝑖

Σ𝑘 =
σ𝑖 𝜏𝑘

𝑖 𝑥𝑖 − 𝜇𝑘 𝑥𝑖 − 𝜇𝑘
⊤

σ𝑖 𝜏𝑘
𝑖

,  ∀𝑘 ∈ 1,2, … , 𝐾

40

Next Week: EM (Expectation-Maximization) Algorithm
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Demo



• No class on Sep 7th. Happy long weekend!

• Hw1 will be released on Sep 6th (Sunday) and due on Sep 20th  (Sunday). Please 
start working on it earlier!

42

Announcement
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  P  ( x | 𝜃 ) =  𝜃 x    (  1 − 𝜃 )  1 − x


  𝜃 ∈  [  0 , 1 ]


  ℱ =  {  P  ( x | 𝜃 )   |   𝜃 ∈  [  0 , 1 ] }


  P  ( x |  𝜇 , Σ ) =  1     | Σ |   1 2    (  2 𝜋 )   n 2   exp ⁡   (  −  1 2    (  x − 𝜇 ) ⊤  Σ  − 1  (  x − 𝜇 ) )


   (  𝜇 , Σ )


  ℱ =  {  P  ( x |  𝜇 , Σ )   |   𝜇 ∈  ℝ n , Σ ∈  ℝ  n × n   a n d   P S D }


  n


  D =  {   x 1 ,  x 2 , … ,  x n }


   P ∗  ( x )


  P  ( x | 𝜃 )


  D


  𝜃 = a r g m a  x 𝜃   log ⁡   ∏  i = 1 n  P (  x i | 𝜃 )


  𝜃  


  n


  D =  {   x 1 ,  x 2 , … ,  x n }    (  e . g . ,    {  1 , 0 , 1 , … , 0 } )


   x i ∈  {  0 , 1 }


  P  ( x | 𝜃 ) =  𝜃 x    (  1 − 𝜃 ) x


  P  ( x | 𝜃 ) =  {      1 − 𝜃 .     f o r   x = 0    𝜃 .                     f o r   x = 1


  P  ( D | 𝜃 ) =  𝜃   n  h e a d    (  1 − 𝜃 )   n  t a i l


   n  h e a d


   n  t a i l


  l  (  𝜃 ; D ) =   log ⁡  P  ( D | 𝜃 ) =   log ⁡   𝜃   n  h e a d    (  1 − 𝜃 )   n  t a i l


  =  n  h e a d   log ⁡ 𝜃 +  (  n −  n  h e a d )   log ⁡   (  1 − 𝜃 )


  l  (  𝜃 ; D )


  𝜃


  𝜃


    𝜕 l  𝜕 𝜃 =    n  h e a d 𝜃 −    (  n −  n  h e a d )  1 − 𝜃 = 0


  ⇒    𝜃 ^  M L E =    n  h e a d n


     𝜃 ^  M L E =  1 n  ∑  i = 1 n   x i


  ℝ


  P  ( x |  𝜇 , 𝜎 ) =  1     (  2 𝜋 )   1 2 𝜎   exp ⁡   (  −  1  2  𝜎 2    (  x − 𝜇 ) 2 )


  𝜇 , 𝜎


  n


  D =  {   x 1 ,  x 2 , … ,  x n } ,            x i ∈ ℝ


  P  ( x |  𝜇 , 𝜎 ) ∝ exp  (  −  1  2  𝜎 2    (   x i − 𝜇 ) 2 )


  l  (  𝜇 , 𝜎 ; D ) =   log ⁡   ∏  i = 1 n   1     (  2 𝜋 )   1 2 𝜎 exp  (  −  1  2  𝜎 2    (   x i − 𝜇 ) 2 )


  = −  n 2   log ⁡  2 𝜋 −  n 2   log ⁡   𝜎 2 −  ∑  i = 1 n       (   x i − 𝜇 ) 2  2  𝜎 2


  l  (  𝜇 , 𝜎 ; D )


  𝜇 , 𝜎


  𝜇 ,  𝜎 2


    𝜕 l  𝜕 𝜇 = 0 ,         𝜕 l  𝜕  𝜎 2 = 0


    𝜕 l  𝜕 𝜇 =  ∑  i = 1 n     x i − 𝜇   𝜎 2 = 0


  ⇒  ∑  i = 1 n   x i = n 𝜇         ⇒ 𝜇 =  1 n  ∑  i = 1 n   x i


    𝜕 l  𝜕  𝜎 2 = −  n  2  𝜎 2 +  1  2  𝜎 4  ∑  i = 1 n     (   x i − 𝜇 ) 2 = 0


  ⇒  ∑  i = 1 n     (   x i − 𝜇 ) 2 = n  𝜎 2 .                     ⇒  𝜎 2 =  1 n  ∑  i = 1 n     (   x i − 𝜇 ) 2


  n


  D =  {   x 1 ,  x 2 , … ,  x n } ,  x i ∈ [ 0 , 1 )


   [  0 , 1 )


  m


   B 1 =  [  0 ,  1 m ) ,    B 2 =  [   1 m ,  2 m ) ,   … ,    B m =  [    m − 1 m , 1 )


   c 1


   B 1


   c 2


   B 2


  x


  p  ( x ) =  ∑  j = 1 m    m  c j n I ( x ∈  B j )


  p ( x )


  p  ( x ) ≥ 0 ,            ∫ Ω   p  ( x ) d x = 1


   ∫ Ω   p  ( x ) d x =  ∫   [  0 , 1 )    ∑  j = 1 m    m  c j n I ( x ∈  B j ) d x


  =  ∑  j = 1 m   ∫   [    j − 1 m ,  j m )     m  c j n   d x


  =  ∑  j = 1 m     c j n = 1


  n


  D =  {   x 1 ,  x 2 , … ,  x n } ,    x i ∈    [  0 , 1 ) d


     [  0 , 1 ) d


   m d


   B 1 =  [  0 ,  1 m ) ×  [  0 ,  1 m ) × … ×  [  0 ,  1 m ) ,


   B 2 =  [   1 m ,  2 m ) ×  [  0 ,  1 m ) × … ×  [  0 ,  1 m ) ,


   B   m d =  [    m − 1 m , 1 ) ×  [    m − 1 m , 1 ) × … ×  [    m − 1 m , 1 )


  h =  1 m


   m d


  n


  K  ( u ) =  3 4  (  1 −  u 2 ) I  (   | u | ≤ 1 )


  K  ( u ) =  𝜋 4   cos ⁡   (   𝜋 2 u ) I  (   | u | ≤ 1 )


  p  ( x ) =  1 n  ∑  i = 1 n   1 h K  (     x i − x h )


  K  ( u ) ≥ 0


  ∫  K  ( u ) d u = 1


  ∫  u K  ( u ) d u = 0


  ∫   u 2 K  ( u ) d u < ∞


  K  ( u ) =  1    2 𝜋    e  −  u 2 / 2


  p  ( x ) =  1 n  ∑  i = 1 n   1 h K  (     x i − x h )


  h


  p  ( x ) =  1 n  ∑  i = 1 n   1 h K  (     x i − x h )


  p  ( X )


  𝒩  ( X |   𝜇 k ,  Σ k ) ≔  1     |   Σ k |   1 2    (  2 𝜋 )   d 2   exp ⁡   (  −  1 2    (  X −  𝜇 k ) ⊤  Σ  − 1  (  X −  𝜇 k ) )


  K


  p  ( X ) ≔  ∑  k = 1 K   𝜋 k 𝒩  ( X |   𝜇 k ,  Σ k )


   𝜋 k ∈  (  0 , 1 ) ,    𝜇 k ,  Σ k


  𝓝  ( 𝑿 |   𝝁 𝟐 ,  𝚺 𝟐 )


  𝓝  ( 𝑿 |   𝝁 𝟏 ,  𝚺 𝟏 )


  p  ( X ) ≔  ∑  k = 1 K   𝜋 k 𝒩  ( X |   𝜇 k ,  Σ k )


   x i ~ p


   z i ∈  {  1 , 2 , … , K }


   𝜋   z i


   x i


  𝒩  ( X |   𝜇   z i ,  Σ   z i )


  p  (  x , z )


  x


  z


  p  (  x , z ) =  𝜋 z 𝒩  ( X |   𝜇 z ,  Σ z )


  p  ( x )


  p  ( x ) =  ∑  z = 1 K  p  (  x , z ) =  ∑  z = 1 K  p  (  x | z ) p  ( z )


   x 1


   z 1 = 1


  𝜃 =    (   𝜋 k ,  𝜇 k ,  Σ k )  k = 1 , 2 , … , K


   𝜃 ∗ = a r g m a  x 𝜃   l  (  𝜃 ; D ) ≔   log ⁡  P  (  D | 𝜃 )


  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n  p  (   x i | 𝜃 )


  =   log ⁡   ∏  i = 1 n   (   ∑  k = 1 K  p  (   x i ,  z i = k | 𝜃 ) )


  =   log ⁡   ∏  i = 1 n   (   ∑  k = 1 K  p  (  x |  𝜇 k ,  Σ k ) p  (   z i = k | 𝜋 ) )


  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n   (   ∑  k = 1 K  p  (  x |  𝜇 k ,  Σ k ) p  (   z i = k | 𝜋 ) )


  =   log ⁡   ∏  i = 1 n   (   ∑  k = 1 K   𝜋 k   𝒩  ( x |   𝜇 k ,  Σ k ) )


   𝜏 k i


   (   𝜋 k ,  𝜇 k ,  Σ k ) ,   k = 1 , 2 , … , K


   𝜏 k i


   (   𝜋 k ,  𝜇 k ,  Σ k )


   𝜏 k i = p  (   z i = k   |   D ,   𝜇 ,   Σ ) =    𝜋 k   𝒩  ( x |   𝜇 k ,  Σ k )   ∑   k ′ = 1 K   𝜋   k ′   𝒩  ( x |   𝜇   k ′ ,  Σ   k ′ ) ,               ∀ k ∈  {  1 , 2 , … , K } ; i ∈  {  1 , 2 , … , n }  


   (   𝜋 k ,  𝜇 k ,  Σ k )


   𝜏 k i


   𝜋 k =    ∑ i   𝜏 k i n ,                                              𝜇 k =    ∑ i   𝜏 k i  x i   ∑ i   𝜏 k i


   Σ k =    ∑ i   𝜏 k i  (   x i −  𝜇 k )    (   x i −  𝜇 k ) ⊤   ∑ i   𝜏 k i ,                 ∀ k ∈  {  1 , 2 , … , K }

