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Outline

* Unsupervised Learning

» Density estimation

 Gaussian mixture models (GMMs)
» Probability density function of mixture of Gaussians
« Convex/concave function and Jensen inequality
» Expectation step as a lower bound
* Maximization step
« Expectation-Maximization (EM) algorithm
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Gaussian Mixture Model



Gaussian Mixture Model

A density model p(X) may be multi-modal
« Model it as a mixture of uni-modal distributions (e.g., Gaussians)

1 1
N (X |pge, Zie) = 1 7 exp (— 5 X =) 27X — Hk))
|2k [2(2m)2

Consider a mixture of K Gaussians
* P(X) = Ik<= Tk N(XLUk;Zk)
Mixing proportion Mixing components

Learn 8% (S (O,l),uk,Zk

p “\ '}\~.::
“‘\\\"\\:3‘7‘ -

4
A
=




Learning the Parameters

- Maximum likelihood estimation (MLE) by letting 6 = (my, ptg, Zx) k=12, k-

0* = argmaxg 1(6; D) :=log P(D|0)

- Use our generative process

n n K
[(6;D) = logﬂp(xﬂ@) = logl l( ‘ p(xi,zi|9))
i=1 =1 1

zl=
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EM Graphically
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Convex / Concave
Function & Jensen
Inequality



Convex Sets

* Definition: A set A is convey, if forevery 0 < a < 1 it satisfies:
c Vx,yEA sax+(1—a)yeA

* The line segment between any two points is also in the set.

« Examples of convex and non-convex sets
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Common Convex Sets

» Cones: a set C is a convex cone, if for any x4,x, € C and 6,,6, = 0,
we have:
6,x1 +0,x, € C

« Hyperplanes and halfspaces:

* A hyperplane is
{x|la"(x —xy) = 0,a # 0}

« A halfspace s
{xla"(x — x5) < 0,a # 0}
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Common Convex Sets

* Euclidean balls: A Euclidean ball has the form
B(xc,r) ={x|llx —x.ll, <7}

* Ellipsoids:
E={x|(x—x)"P 7 (x—x;) <1}
* The eigenvectors and eigenvalues determine the direction and shape of the semi-axes
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Common Convex Sets

 Polyhedra: intersection of a finite set of halfspaces/hyperplances

P = {x | aij <b;,j=12,..,m, CjTX =d;,j = 1,2, ---»P}

* It is defined by as the solution set of a finite number of linear equalities and
inequalities
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Convex Functions

* Definition: A function f: R"™ — R is convex if the domain dom f < R" is a convex
set,and if forall x,y € dom f and 0 < 6 < 1, we have:

fOx+(1—-0)y) <0f(x)+(1-06)f(y)

- Geometrically, the line segment between (x, f(x)) and (v, f(y)) lies above the
graph of f

\ .."/ (y ) f (y ))
'”""“""""’/‘/f
(x’ f (x) )\——\:’---“"---—‘-- //’//
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Concave Functions

* Definition: A function f: R" - R is concave if the domain dom f c R" is a
convex set,and if forall x,y € dom f and 0 < 6 < 1, we have:

fOx+(1—-0)y) =0f(x)+(1-06)f(y)

- Geometrically, the line segment between (x, f(x)) and (v, f(y)) lies below the
graph of f

(v, fO)

Georgia
13 Gl" Tech.



First-order Conditions

* If f is differentiable, another way to characterize it is the first-order condition:

 fis convex iff
* dom f is convex

=)+ V) (y—x)
« Holds forall x,y € dom f

« Geometrically, this means that the tangent line of f at point x lies below the

function:
\f(y)
//f(r) +Vf(z)(y —2)
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Second-order Conditions

* If f is twice differentiable, the second-order condition is:

 fis convex iff

* dom f is convex

« Vif(x) = 0. (A = 0,i.e., Ais positive semidefinite PSD iff yTAy > 0 Vy)
« Holds forall x € dom f
 In other words, the Hessian is positive semidefinite.

« Geometrically, the graph of the function has positive (upward) curvature at every
point.

« E.g., f(x) = %xTAx, where 4 = 0, is convex in x
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Examples

* Exponential: e?* for every a € R

* Powers: x% is convexon R,, whena > 1ora < 0;
x%isconcavefor0 <a<1

» Powers of absolute value: |x|P forp > 1
* Logarithm: log x is concave on R,

* Negative entropy: x log x is convex

« Norms: all norms are convex (nonnegative;
homogeneous; triangular inequality) -1

e Max function: f(x) = max{x,, x,, ..., x,,} is convex -

* Log-determinant: f(X) = log(det X) is convex for
all positive definite matricies.
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16 Gl" Tech.



Jensen's Inequality

 For concave function f(x)

fCa;x;) =Y a;f(x;), where ¥;a; =1,a; > 0

« Most general case: if x is a random variable, and f is concave in x, then:

f(Exlx]) = Exlf(x)]

1 2
f §x1 +§x2

1 2
£(xy) 3/() +5/(x)
f(x)
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Expectation Step as a
Lower Bound



Back to EM

« We intend to learn the parameters that maximizes the log-likelihood of the data

n K n K n
1(6;D) = logl_[ Z p(xt,z46) | = Z log Z p(xt,246) | = Z 1(6; x;)
i=1 i=1 zt=1 i=1

zi=1

 Expectation step (E-step): what do we take e_xpec;[lation over?

1(6;D) = 1(6,D; |=E,1_s _,n_.n|log 1_[ n(xi, 210)
=1

To show this, we use Jensen inequality on 1(6; x;)

+ H(q)

- Maximization step (M-step): how to maximize?
0t = argmaxgl(0,D; q)
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Back to EM

K
1(0;x) = logz p(x,z|0)
z=1

= log ¥¥_, q(2) p(;cél)e) (arbitrary distribution g(z))

p(x,z|0)
q(2)

> Y7-1q(2) log (Jensen's inequality: f(}; a;x;) = X a;f(x;) )

K
_ z q(2) logp(x, z|6) — q(2) log q(2)
1

= ?E=Z~q[log p(x,z|6)] + H(q)

n

n n
1(6;D) = Z 1(6;x') = Z (Ezi~qi[logp(xi,zi|9)] + H(qi)) =E 1 g1y gn [logl_[p(xi,ziW)
i=1 =1

i=1

+ H(q) = 1(08,D;q)

This concludes the proof!
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What Distribution g to Pick?

p(Zfr
- E-step: how to choose q' = [¢'(1), ¢*(2), ...,q"(K)]T?

- Set ¢'(k) = p(z" = k|x',0) = 1}, (posterior of z* given x!)

Therefore, we say
; 0.5
Tg=1 =
0.5+ 0.2+ 0.1

Best lower
bound at 8 = 9¢

« Why 7.7 Make Jensen inequality’s equality holds!
, P(xz|6) _ p(z,x|0)

a(z)  p(z|x,0)

« YK . q(2) =YX p(z|x,0) =1 (it is a probability distribution)

= p(x|0). (identical for every z)

| ‘ $.106.D;qg

. 0
2 Why not 16, D; q') oF G Seoia




Analytical Lower Bound

+ H(q)

1(6;D,9) =E,1_,1 [lognp(x )

li [logp(x%,2'6)]

l

+ H(q)

E, i p(zi| xi0) vi Z llog p(x%,2%10)| + H(q)
i=1

:ZE t~p(2'| x6) [log( Tyt N(xlyz ) ))]+H(CI)

i=1

= Z Z vl log(m, N (xlue, =) + H(q)

i=1k=1

- Expand log of Gaussian log V(x|w,:, X ;)
n K

. 1, . . 1
[(6;:D,7) = Z z T}, llognk —E(x‘ — /ulk)TZ,Il(x‘ — lik) —ElogIZkl - c] + H(q)

i=1k=1
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Maximization Step



Maximization Step

« We intend to learn the parameters that maximizes the log-likelihood of the data

n K
[(6;D) = logl l Z p(xi,zi|9)
J l=1

=1 Z.

- Expectation step (E-step): what do we take expectation over?

n
l(@, D) = l(H,D, CI) - ]Ezl~q1,...,zn~qn [logl_[p(xl, Zl|9)
=1

« Maximization step (M-step): HAHZEe?
0t = argmaxgl(0,D; q)
GrGeorgia
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+ H(q)




* 1(6;D,q9) = X1=1 Yk=1 Tk llogﬂk - %(Xi - lik)TZEl(xi — ) — %108|2k| - C] + H(q)

- For instance, we want to find ;, and Y5, 7, = 1
* Form Lagrangian

n K
L= Z z t:[log ), — other terms] + /1<1 nk>
=1

i=1k=1

'Mx

» Take partial derivative and setto 0

n . n
oL _ ZT;‘ A=0 = —1Zi > 1=
aﬂk_ TCy, - T[k_ﬂ,. 1Tk’ —n
i=

=1

* Repeat for u;, and %, foreach k € {1,2, ..., K}
25
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EM (Expectation-Maximization) Algorithm

» Associate each data and each component with a 7}
* |nitialized (ﬂk,,uk, Zk), k = 1,2, cen K

* |terate the following two steps until convergence:
- Expectation step (E-step): update 7! given the current (my, g, Zj)

: : 1y NV O e, Zie)
T’lczp(zlzle”u’Z)z 7 )
kl=1 T[k’ N(xl#k/,zkl)

- Maximization step (M-step): update (m, g, Zi) given &

ZiTIic ZiTIicxi
Ty, — ) = -
k n Hi 5.l
. . . T
Tr(xt — xt —
5, = 2 il ”")l.( b , vk €{1,2,..
2 Tk

26

vk € {1,2,..,K};i €{1,2,..,n}
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EM Graphically
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EM Algorithm



EM Algorithm (Conceptually)

« We intend to learn the parameters that maximizes the log-likelihood of the data

[(6;D) = loglnl i p(xi,zi|9)
] l=1

i=1 \z¢

« Expectation step (E-step): find the best lower bound of the log-likelihood.

n
[(0;D) 21(8,D;q) = E,1 g1 n_gn [logl_[p(xi,ziw) + H(q)
i=1

« Maximization step (M-step): maximize the lower bound.
0t = argmaxgl(0,D; q)

Georgia
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EM Algorithm (Analytically)

» Associate each data and each component with a 7}
* |nitialized (T[k,,uk, Zk), k = 1,2, cen K

* |terate the following two steps until convergence:
- Expectation step (E-step, Gaussian assignment): update 7. given the current (m, uy, Zi)

T N(xl.uk; Zk)

, vk € {1,2,..,K};i €{1,2,..,n}
T N Cel e, Zy)

T,i( = p(zi =k | D,,LL,Z) = =%
k'=1

- Maximization step (M-step, Gaussian adjustment): update (7, uy, X;) given T}

ZiTIic ZiTIicxi
Ty, — ) = -
k n Ui ZiT]l(
. . . T
it = ) (' = )

vk € {1,2,.. K}

)

% .
2 Tk
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Questions?

 Why is [(08,D; q) a lower bound?
» Jensen’s inequality: 1(6; D) = 1(6,D; q) = E,i_i[log[Ti-, p(x%, 2°|16)] + H(q)

» Why choosing q(z%, 22, ...,z") = [~ p(z|x%, 8%) given parameter §¢?
 Equality condition of Jensen’s inequality
* Pick the best lower bound
“On the Convergence Properties of the EM

. . Algorithm” by Jeff Wu 1983
« Will EM algorithm converge? D

THEE, Vol 11, M 1, #6-103

o Expectation step (E-step) ON THE CONVERGENCE PROPERTIES OF THE EM ALGORITHM®
- Maximization step (M-step) B C. F. Jere Wo

University of Wisconsin, Madison

Two convergence aspects of the EM algorithm are studied: (i) does the

EM algorithm find a local maximum or a stationary value of the {incomplete-
data) likelihood function? (ii) does the sequence of parameter estimates
generated by EM converge? Several convergence results are obtained under
conditions that are applicable to many practical situations, Two useful special
caszes are; () if the unobserved complete-data specification can be described
by a curved exponential family with compact parameter space, all the limit
points of any EM sequence are stationary points of the likelihood function;
(b} if the likelihood function is unimodal and a certain differentiability
31 condition is satisfied, then any EM sequence converges to the unigue maxi-
mum likelihood estimate, A list of key properties of the algorithm is included.


https://projecteuclid.org/journals/annals-of-statistics/volume-11/issue-1/On-the-Convergence-Properties-of-the-EM-Algorithm/10.1214/aos/1176346060.full
https://projecteuclid.org/journals/annals-of-statistics/volume-11/issue-1/On-the-Convergence-Properties-of-the-EM-Algorithm/10.1214/aos/1176346060.full

Expectation-Maximization Iterations

ek =10r2

« Use t! as the proportion of red, and 7. as the proportion of blue

 Draw only one contour for each Gaussian component

32
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EM Algorithm Demo

33

Principal component 2

Soft assignments, Gaussian means, and mixture density

Wine dataset | 3-component Gaussian mixture | Iteration 000/ 100
Log-likelihood: -786.25
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Principal component 1 EM iteration

Wine dataset: https://archive.ics.uci.edu/dataset/109/wine
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https://archive.ics.uci.edu/dataset/109/wine

EM v.s. Modified K-means

« The EM algorithm for mixture of Gaussian is like a “soft” clustering algorithm

 K-means:
« "E-step”: we do hard assignment

« 7' = argmax; (xi — ,uk)TZ,:l(xi — ,uk)

« “M-step”: we update the means and covariance of cluster suing maximum likelihood estimate:

. _ XiTixt
Hie = ZiTIi<
. . T
.y, = % The (et ) (x ' = pie)
P = :

l
2i Tk

 where tt = 1if z' = k; otherwise 0
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General Applicability of EM Algorithm

 Applicable to other models with latent (or
missing) variables

° EXpeCtation maXimization applied 'to a COin tOSS # N.B. each coin label in ‘labels' corresponds to the sequence
example (python example) wbets (5, e, a8, a
S i . . flip_seqs = [:HTHHHTTHHHHTHHHTTHHﬂHHTHHHHH',
« Assume you have a sequence of coin flip e
observations from two coins, but you don’t know THRTRAHTATTITTTTTTT )

from which coin each of the observations is from

« The EM algorithm starts by initializing a random prior oot

[0.9993617897653697,
0.04041543659201761,
0.0001453833718729461,

« Then it calculates the expected log probability 00T 03,
distribution over the observations, and based on the
log probability updates the prior

weight_B
[0.0006382102346302874,
0.9595845634079825,

0.9998546166281271,

7.419777324936436e-06, -
35 0.999237639457244] & Georgla
Tech.


https://github.com/ajcr/em-explanation/blob/master/em-notebook-1.ipynb

Beyond Gaussian Mixture Models and EM

* Do we need the distribution to be Gaussian?
« Can we use gradient descent to replace the EM algorithm?
* Do we need the expectation step to be exact?

» Do we need the maximization step to be exact?

Georgia
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  p  ( X )


  𝒩  ( X |   𝜇 k ,  Σ k ) ≔  1     |   Σ k |   1 2    (  2 𝜋 )   d 2   exp ⁡   (  −  1 2    (  X −  𝜇 k ) ⊤  Σ  − 1  (  X −  𝜇 k ) )


  K


  p  ( X ) ≔  ∑  k = 1 K   𝜋 k 𝒩  ( X |   𝜇 k ,  Σ k )


   𝜋 k ∈  (  0 , 1 ) ,    𝜇 k ,  Σ k


  𝓝  ( 𝑿 |   𝝁 𝟐 ,  𝚺 𝟐 )


  𝓝  ( 𝑿 |   𝝁 𝟏 ,  𝚺 𝟏 )


  𝜃 =    (   𝜋 k ,  𝜇 k ,  Σ k )  k = 1 , 2 , … , K


   𝜃 ∗ = a r g m a  x 𝜃   l  (  𝜃 ; D ) ≔   log ⁡  P  (  D | 𝜃 )


  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n  p  (   x i | 𝜃 ) =   log ⁡   ∏  i = 1 n   (   ∑   z i = 1 K  p  (   x i ,  z i | 𝜃 ) )


  𝜃


   𝜃 ∗


  l  (   𝜃 ∗ ; D )


   𝜃 t


  l  (   𝜃 t ; D )


  A


  0 ≤ 𝛼 ≤ 1


  ∀ x , y ∈ A   ⇒ 𝛼 x +  (  1 − 𝛼 ) y ∈ A


  C


   x 1 ,  x 2 ∈ C


   𝜃 1 ,  𝜃 2 ≥ 0


   𝜃 1  x 1 +  𝜃 2  x 2 ∈ C


   {  x |  a ⊤  (  x −  x 0 ) = 0 ,   a ≠ 0 }


   {  x |  a ⊤  (  x −  x 0 ) ≤ 0 ,   a ≠ 0 }


  B  (   x C ,   r ) =  {  x   |      ‖  x −  x c ‖ 2 ≤ r }


  E =  {  x   |      (  x −  x c ) ⊤  P  − 1  (  x −  x c ) ≤ 1 }


  P =  {  x   |    a j ⊤ x ≤  b j ,   j = 1 , 2 , … , m ,      c j ⊤ x =  d j ,   j = 1 , 2 , … , p }


  f :    ℝ n → ℝ


  𝐝 𝐨 𝐦   f ⊂  ℝ n


  x , y ∈ 𝐝 𝐨 𝐦   f


  0 ≤ 𝜃 ≤ 1


  f  (  𝜃 x +  (  1 − 𝜃 ) y ) ≤ 𝜃 f  ( x ) +  (  1 − 𝜃 ) f  ( y )


   (  x , f  ( x ) )


   (  y ,   f  ( y ) )


  f


   (  x , f  ( x ) )


   (  y , f  ( y ) )


  f :    ℝ n → ℝ


  𝐝 𝐨 𝐦   f ⊂  ℝ n


  x , y ∈ 𝐝 𝐨 𝐦   f


  0 ≤ 𝜃 ≤ 1


  f  (  𝜃 x +  (  1 − 𝜃 ) y ) ≥ 𝜃 f  ( x ) +  (  1 − 𝜃 ) f  ( y )


   (  x , f  ( x ) )


   (  y ,   f  ( y ) )


  f


   (  x , f  ( x ) )


   (  y , f  ( y ) )


  f


  f


  𝐝 𝐨 𝐦   f


  f  ( y ) ≥ f  ( x ) + ∇ f    ( x ) ⊤  (  y − x )


  x , y ∈ 𝐝 𝐨 𝐦   f


  f


  x


  f


  f


  𝐝 𝐨 𝐦   f


   ∇ 2 f  ( x ) ≽ 0


  A ≽ 0


  A


   y ⊤ A y ≥ 0   ∀ y


  x ∈ 𝐝 𝐨 𝐦   f


  f  ( x ) =  1 2  x ⊤ A x


  A ≽ 0


  x


   e  a x


  a ∈ ℝ


   x a


   ℝ  + +


  a ≥ 1


  a ≤ 0


   x a


  0 ≤ a ≤ 1


     | x | p


  p ≥ 1


    log ⁡ x


   ℝ  + +


  x   log ⁡ x


  f  ( x ) =   max ⁡   {   x 1 ,  x 2 , … ,  x n }


  f  ( X ) =   log ⁡   (    det ⁡ X )


  f  ( x )


  f  (   ∑ i   a i  x i ) ≥  ∑ i   a i f  (   x i )


   ∑ i   a i = 1 ,    a i ≥ 0


  x


  f


  x


  f  (   𝔼 x  [ x ] ) ≥  𝔼 x  [  f  ( x ) ]


  f  ( x )


  f  (   x 1 )


  f  (   x 2 )


   1 3 f  (   x 1 ) +  2 3 f  (   x 2 )


  f  (   1 3  x 1 +  2 3  x 2 )


  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n   (   ∑   z i = 1 K  p  (   x i ,  z i | 𝜃 ) ) =  ∑  i = 1 n    log ⁡   (   ∑   z i = 1 K  p  (   x i ,  z i | 𝜃 ) ) =  ∑  i = 1 n  l  (  𝜃 ;  x i )


  l  (  𝜃 ; D ) ≥ l  (  𝜃 , D ; q ) =  𝔼   z 1 ∼  q 1 , … ,  z n ∼  q n  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


   𝜃  t + 1 = a r g m a  x 𝜃 l  (  𝜃 , D ; q )


  l  (  𝜃 ;  x i )


  l  (  𝜃 ; x ) =   log ⁡   ∑  z = 1 K  p  (  x , z | 𝜃 )


  =   log ⁡   ∑  z = 1 K  q  ( z )   p  (  x , z | 𝜃 )  q  ( z )


  q  ( z )


  ≥  ∑  z = 1 K  q  ( z )   log ⁡    p  (  x , z | 𝜃 )  q  ( z )


  f  (   ∑ i   a i  x i ) ≥  ∑ i   a i f  (   x i )


  =  ∑  z = 1 K  q  ( z )   log ⁡  p  (  x , z | 𝜃 ) − q  ( z )   log ⁡  q  ( z )


  =  𝔼  z ∼ q  [    log ⁡  p  (  x , z | 𝜃 ) ] + H  ( q )


  l  (  𝜃 ; D ) =  ∑  i = 1 n  l  (  𝜃 ;  x i ) ≥  ∑  i = 1 n   (   𝔼   z i ∼  q i  [    log ⁡  p  (   x i ,  z i | 𝜃 ) ] + H  (   q i ) ) =  𝔼   z 1 ∼  q 1 , … ,  z n ∼  q n  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q ) = l ( 𝜃 , D ; q )


   q i =    [   q i  ( 1 ) ,  q i  ( 2 ) , … ,  q i  ( K ) ] ⊤


   q i  ( k ) = p  (   z i = k |   x i , 𝜃 ) ≔  𝜏 k i
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    p  (  x , z | 𝜃 )  q  ( z ) =   p  (  z , x | 𝜃 )  p  ( z |  x , 𝜃 ) = p  ( x | 𝜃 )
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   ∑  z = 1 K  q  ( z ) =  ∑  z = 1 K  p  ( z |  x , 𝜃 ) = 1


  𝒒


  𝜃


   𝜃 t


  l  (  𝜃 ; x )


  l  (  𝜃 , D ; q )


  l  (  𝜃 , D ;  q ′ )


  p  (   z i = 1 ,  x i ) = 0 . 5


  p  (   z i = 2 ,  x i ) = 0 . 2


  p  (   z i = 3 ,  x i ) = 0 . 1


   𝜏  k = 1 i =   0 . 5  0 . 5 + 0 . 2 + 0 . 1


  𝜃 =  𝜃 t


  l  (  𝜃 ; D , q ) =  𝔼   z 1 ∼  q 1 , … ,  z n ∼  q n  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


  =  𝔼   z 1 ∼  q 1 , … ,  z n ∼  q n  [   ∑  i = 1 n   [    log ⁡  p  (   x i ,  z i | 𝜃 ) ] ] + H  ( q )


  =  𝔼   z i ~ p  (   z i |    x i , 𝜃 )   ∀ i  ∑  i = 1 n   [    log ⁡  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


  =  ∑  i = 1 n   𝔼   z i ~ p  (   z i |    x i , 𝜃 )  [    log ⁡   (   𝜋   z i   𝒩  ( x |   𝜇   z i ,  Σ   z i ) ) ] + H  ( q )


  =  ∑  i = 1 n   ∑  k = 1 K   𝜏 k i   log ⁡   (   𝜋 k   𝒩  ( x |   𝜇 k ,  Σ k ) ) + H  ( q )


    log ⁡  𝒩  ( x |   𝜇   z i ,  Σ   z i )


  l  (  𝜃 ; D ,   𝜏 ) =  ∑  i = 1 n   ∑  k = 1 K   𝜏 k i  [    log ⁡   𝜋 k −  1 2    (   x i −  𝜇 k ) ⊤  Σ k  − 1  (   x i −  𝜇 k ) −  1 2   log ⁡   |   Σ k | − c ] + H  ( q )


  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n   (   ∑   z i = 1 K  p  (   x i ,  z i | 𝜃 ) )


  l  (  𝜃 ; D ) ≥ l  (  𝜃 , D ; q ) =  𝔼   z 1 ∼  q 1 , … ,    z n ∼  q n  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


   𝜃  t + 1 = a r g m a  x 𝜃 l  (  𝜃 , D ; q )


  l  (  𝜃 ; D , q ) =  ∑  i = 1 n   ∑  k = 1 K   𝜏 k i  [    log ⁡   𝜋 k −  1 2    (   x i −  𝜇 k ) ⊤  Σ k  − 1  (   x i −  𝜇 k ) −  1 2   log ⁡   |   Σ k | − c ] + H  ( q )


   𝜋 k


   ∑  k = 1 K   𝜋 k = 1


  L =  ∑  i = 1 n   ∑  k = 1 K   𝜏 k i  [    log ⁡   𝜋 k − other   terms ] + 𝜆  (  1 −  ∑  i = 1 K   𝜋 k )


    𝜕 L  𝜕  𝜋 k =  (   ∑  i = 1 n     𝜏 k i   𝜋 k ) − 𝜆 = 0 ,               ⇒  𝜋 k =  1 𝜆  ∑  i = 1 n   𝜏 k i ,               ⇒ 𝜆 = n
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   (   𝜋 k ,  𝜇 k ,  Σ k ) ,   k = 1 , 2 , … , K
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   (   𝜋 k ,  𝜇 k ,  Σ k )


   𝜏 k i = p  (   z i = k   |   D ,   𝜇 ,   Σ ) =    𝜋 k   𝒩  ( x |   𝜇 k ,  Σ k )   ∑   k ′ = 1 K   𝜋   k ′   𝒩  ( x |   𝜇   k ′ ,  Σ   k ′ ) ,               ∀ k ∈  {  1 , 2 , … , K } ; i ∈  {  1 , 2 , … , n }  
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   Σ k =    ∑ i   𝜏 k i  (   x i −  𝜇 k )    (   x i −  𝜇 k ) ⊤   ∑ i   𝜏 k i ,                 ∀ k ∈  {  1 , 2 , … , K }
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  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n   (   ∑   Z i = 1 K  p  (   x i ,  z i | 𝜃 ) )


  l  (  𝜃 ; D ) ≥ l  (  𝜃 , D ; q ) =  𝔼   z 1 ∼  q 1 , … ,  z n ∼  q n  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


   𝜃  t + 1 = a r g m a  x 𝜃 l  (  𝜃 , D ; q )
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   (   𝜋 k ,  𝜇 k ,  Σ k )


   𝜏 k i = p  (   z i = k   |   D ,   𝜇 ,   Σ ) =    𝜋 k   𝒩  ( x |   𝜇 k ,  Σ k )   ∑   k ′ = 1 K   𝜋   k ′   𝒩  ( x |   𝜇   k ′ ,  Σ   k ′ ) ,               ∀ k ∈  {  1 , 2 , … , K } ; i ∈  {  1 , 2 , … , n }  
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   Σ k =    ∑ i   𝜏 k i  (   x i −  𝜇 k )    (   x i −  𝜇 k ) ⊤   ∑ i   𝜏 k i ,                 ∀ k ∈  {  1 , 2 , … , K }


  l  (  𝜃 , D ; q )


  l  (  𝜃 ; D ) ≥ l  (  𝜃 , D ; q ) =  𝔼   z i ∼  q i  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


  q  (   z 1 ,  z 2 , … ,  z n ) =  ∏  i = 1 n  p  (  z |  x i ,  𝜃 t )
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