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• Unsupervised Learning
• Density estimation

• Gaussian mixture models (GMMs)
• Probability density function of mixture of Gaussians

• Convex/concave function and Jensen inequality

• Expectation step as a lower bound

• Maximization step

• Expectation-Maximization (EM) algorithm

Outline



Gaussian Mixture Model
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• A density model 𝑝 𝑋 may be multi-modal
• Model it as a mixture of uni-modal distributions (e.g., Gaussians)

𝒩 𝑋 𝜇𝑘 , Σ𝑘 ≔
1

Σ𝑘
1
2 2𝜋

𝑑
2

exp −
1

2
𝑋 − 𝜇𝑘

⊤Σ−1 𝑋 − 𝜇𝑘

• Consider a mixture of 𝐾 Gaussians
• 𝑝 𝑋 ≔ σ𝑘=1

𝐾 𝜋𝑘𝒩 𝑋 𝜇𝑘 , Σ𝑘

• Learn 𝜋𝑘 ∈ 0,1 , 𝜇𝑘 , Σ𝑘
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Gaussian Mixture Model

Mixing proportion Mixing components

𝓝 𝑿 𝝁𝟐, 𝚺𝟐

𝓝 𝑿 𝝁𝟏, 𝚺𝟏



• Maximum likelihood estimation (MLE) by letting 𝜃 = 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 𝑘=1,2,…,𝐾:

𝜃∗ = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃 𝑙 𝜃; 𝐷 ≔ log𝑃 𝐷|𝜃

• Use our generative process

𝑙 𝜃; 𝐷 = logෑ

𝑖=1

𝑛

𝑝 𝑥𝑖|𝜃 = logෑ

𝑖=1

𝑛

෍

𝑧𝑖=1

𝐾

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃
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Learning the Parameters
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EM Graphically

𝜃𝜃∗

𝑙 𝜃∗; 𝐷

𝜃𝑡

𝑙 𝜃𝑡; 𝐷



Convex / Concave 
Function & Jensen 

Inequality
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• Definition: A set 𝐴 is convex, if for every 0 ≤ 𝛼 ≤ 1 it satisfies:
• ∀𝑥, 𝑦 ∈ 𝐴 ⇒ 𝛼𝑥 + 1 − 𝛼 𝑦 ∈ 𝐴

• The line segment between any two points is also in the set.

• Examples of convex and non-convex sets
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Convex Sets



• Cones: a set 𝐶 is a convex cone, if for any x1, x2 ∈ 𝐶 and 𝜃1, 𝜃2 ≥ 0, 
we have:

𝜃1𝑥1 + 𝜃2𝑥2 ∈ 𝐶

• Hyperplanes and halfspaces:
• A hyperplane is

𝑥|𝑎⊤ 𝑥 − 𝑥0 = 0, 𝑎 ≠ 0

• A halfspace is
𝑥|𝑎⊤ 𝑥 − 𝑥0 ≤ 0, 𝑎 ≠ 0
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Common Convex Sets



• Euclidean balls: A Euclidean ball has the form
𝐵 𝑥𝐶 , 𝑟 = 𝑥 | 𝑥 − 𝑥𝑐 2 ≤ 𝑟

• Ellipsoids:
𝐸 = 𝑥 | 𝑥 − 𝑥𝑐

⊤𝑃−1 𝑥 − 𝑥𝑐 ≤ 1
• The eigenvectors and eigenvalues determine the direction and shape of the semi-axes
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Common Convex Sets



• Polyhedra: intersection of a finite set of halfspaces/hyperplances
𝑃 = 𝑥 | 𝑎𝑗

⊤𝑥 ≤ 𝑏𝑗 , 𝑗 = 1,2, … ,𝑚, 𝑐𝑗
⊤𝑥 = 𝑑𝑗 , 𝑗 = 1,2, … , 𝑝

• It is defined by as the solution set of a finite number of linear equalities and 
inequalities
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Common Convex Sets



• Definition: A function 𝑓: ℝ𝑛 → ℝ is convex if the domain 𝐝𝐨𝐦 𝑓 ⊂ ℝ𝑛 is a convex 
set, and if for all 𝑥, 𝑦 ∈ 𝐝𝐨𝐦 𝑓 and 0 ≤ 𝜃 ≤ 1, we have:

𝑓 𝜃𝑥 + 1 − 𝜃 𝑦 ≤ 𝜃𝑓 𝑥 + 1 − 𝜃 𝑓 𝑦

• Geometrically, the line segment between 𝑥, 𝑓 𝑥 and 𝑦, 𝑓 𝑦 lies above the 
graph of 𝑓
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Convex Functions

𝑥, 𝑓 𝑥

𝑦, 𝑓 𝑦



• Definition: A function 𝑓: ℝ𝑛 → ℝ is concave if the domain 𝐝𝐨𝐦 𝑓 ⊂ ℝ𝑛 is a 
convex set, and if for all 𝑥, 𝑦 ∈ 𝐝𝐨𝐦 𝑓 and 0 ≤ 𝜃 ≤ 1, we have:

𝑓 𝜃𝑥 + 1 − 𝜃 𝑦 ≥ 𝜃𝑓 𝑥 + 1 − 𝜃 𝑓 𝑦

• Geometrically, the line segment between 𝑥, 𝑓 𝑥 and 𝑦, 𝑓 𝑦 lies below the 
graph of 𝑓
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Concave Functions

𝑥, 𝑓 𝑥

𝑦, 𝑓 𝑦



• If 𝑓 is differentiable, another way to characterize it is the first-order condition:
• 𝑓 is convex iff

• 𝐝𝐨𝐦 𝑓 is convex

• 𝑓 𝑦 ≥ 𝑓 𝑥 + ∇𝑓 𝑥 ⊤ 𝑦 − 𝑥

• Holds for all 𝑥, 𝑦 ∈ 𝐝𝐨𝐦 𝑓

• Geometrically, this means that the tangent line of 𝑓 at point 𝑥 lies below the 
function:
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First-order Conditions



• If 𝑓 is twice differentiable, the second-order condition is:
• 𝑓 is convex iff

• 𝐝𝐨𝐦 𝑓 is convex

• ∇2𝑓 𝑥 ≽ 0.                    (𝐴 ≽ 0, i.e., 𝐴 is positive semidefinite PSD iff 𝑦⊤𝐴𝑦 ≥ 0 ∀𝑦)

• Holds for all 𝑥 ∈ 𝐝𝐨𝐦 𝑓

• In other words, the Hessian is positive semidefinite.

• Geometrically, the graph of the function has positive (upward) curvature at every 
point.

• E.g., 𝑓 𝑥 =
1

2
𝑥⊤𝐴𝑥, where 𝐴 ≽ 0, is convex in 𝑥
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Second-order Conditions



• Exponential: 𝑒𝑎𝑥 for every 𝑎 ∈ ℝ

• Powers: 𝑥𝑎 is convex on ℝ++ when 𝑎 ≥ 1 or 𝑎 ≤ 0; 
𝑥𝑎 is concave for 0 ≤ 𝑎 ≤ 1

• Powers of absolute value: 𝑥 𝑝 for 𝑝 ≥ 1

• Logarithm: log 𝑥 is concave on ℝ++

• Negative entropy: 𝑥 log 𝑥 is convex

• Norms: all norms are convex (nonnegative; 
homogeneous; triangular inequality)

• Max function: 𝑓 𝑥 = max 𝑥1, 𝑥2, … , 𝑥𝑛 is convex 

• Log-determinant: 𝑓 𝑋 = log det 𝑋 is convex for 
all positive definite matricies. 
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Examples



• For concave function 𝑓 𝑥

𝑓 σ𝑖 𝑎𝑖𝑥𝑖 ≥ σ𝑖 𝑎𝑖𝑓 𝑥𝑖 , where σ𝑖 𝑎𝑖 = 1, 𝑎𝑖 ≥ 0

• Most general case: if 𝑥 is a random variable, and 𝑓 is concave in 𝑥, then:
𝑓 𝔼𝑥 𝑥 ≥ 𝔼x 𝑓 𝑥
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Jensen’s Inequality

𝑓 𝑥

𝑓 𝑥1

𝑓 𝑥2

1

3
𝑓 𝑥1 +

2

3
𝑓 𝑥2

𝑓
1

3
𝑥1 +

2

3
𝑥2



Expectation Step as a 
Lower Bound
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• We intend to learn the parameters that maximizes the log-likelihood of the data

𝑙 𝜃; 𝐷 = logෑ

𝑖=1

𝑛

෍

𝑧𝑖=1

𝐾

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 =෍

𝑖=1

𝑛

log ෍

𝑧𝑖=1

𝐾

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 =෍

𝑖=1

𝑛

𝑙 𝜃; 𝑥𝑖

• Expectation step (E-step): what do we take expectation over?

𝑙 𝜃; 𝐷 ≥ 𝑙 𝜃, 𝐷; 𝑞 = 𝔼𝑧1∼𝑞1,…,𝑧𝑛∼𝑞𝑛 logෑ

𝑖=1

𝑛

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞

• Maximization step (M-step): how to maximize?
𝜃𝑡+1 = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃𝑙 𝜃, 𝐷; 𝑞
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Back to EM

To show this, we use Jensen inequality on 𝑙 𝜃; 𝑥𝑖



𝑙 𝜃; 𝑥 = log෍

𝑧=1

𝐾

𝑝 𝑥, 𝑧|𝜃

= log σ𝑧=1
𝐾 𝑞 𝑧

𝑝 𝑥,𝑧|𝜃

𝑞 𝑧
(arbitrary distribution 𝑞 𝑧 )

≥ σ𝑧=1
𝐾 𝑞 𝑧 log

𝑝 𝑥,𝑧|𝜃

𝑞 𝑧
(Jensen’s inequality: 𝑓 σ𝑖 𝑎𝑖𝑥𝑖 ≥ σ𝑖 𝑎𝑖𝑓 𝑥𝑖 )

= ෍

𝑧=1

𝐾

𝑞 𝑧 log 𝑝 𝑥, 𝑧|𝜃 − 𝑞 𝑧 log 𝑞 𝑧

= 𝔼𝑧∼𝑞 log 𝑝 𝑥, 𝑧|𝜃 + 𝐻 𝑞
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Back to EM

𝑙 𝜃; 𝐷 =෍

𝑖=1

𝑛

𝑙 𝜃; 𝑥𝑖 ≥෍

𝑖=1

𝑛

𝔼𝑧𝑖∼𝑞𝑖 log 𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞𝑖 = 𝔼𝑧1∼𝑞1,…,𝑧𝑛∼𝑞𝑛 logෑ

𝑖=1

𝑛

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞 = 𝑙(𝜃, 𝐷; 𝑞)

This concludes the proof!



• E-step: how to choose 𝑞𝑖 = 𝑞𝑖 1 , 𝑞𝑖 2 ,… , 𝑞𝑖 𝐾
⊤

?

• Set 𝑞𝑖 𝑘 = 𝑝 𝑧𝑖 = 𝑘 𝑥𝑖 , 𝜃 ≔ 𝜏𝑘
𝑖 (posterior of 𝑧𝑖 given 𝑥𝑖)

• Why 𝜏𝑘
𝑖 ? Make Jensen inequality’s equality holds!

•
𝑝 𝑥,𝑧|𝜃

𝑞 𝑧
=

𝑝 𝑧, 𝑥 𝜃
𝑝 𝑧 𝑥, 𝜃 = 𝑝 𝑥 𝜃 .   (identical for every 𝑧)

• σ𝑧=1
𝐾 𝑞 𝑧 = σ𝑧=1

𝐾 𝑝 𝑧 𝑥, 𝜃 = 1 (it is a probability distribution)
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What Distribution 𝒒 to Pick?

𝜃𝜃𝑡

𝑙 𝜃; 𝑥

𝑙 𝜃, 𝐷; 𝑞

Why not 𝑙 𝜃, 𝐷; 𝑞′

𝑝 𝑧𝑖 = 1, 𝑥𝑖 = 0.5

𝑝 𝑧𝑖 = 2, 𝑥𝑖 = 0.2

𝑝 𝑧𝑖 = 3, 𝑥𝑖 = 0.1

Therefore, we say

𝜏𝑘=1
𝑖 =

0.5

0.5 + 0.2 + 0.1

Best lower 

bound at 𝜃 = 𝜃𝑡



𝑙 𝜃; 𝐷, 𝑞 = 𝔼𝑧1∼𝑞1,…,𝑧𝑛∼𝑞𝑛 logෑ

𝑖=1

𝑛

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞

= 𝔼𝑧1∼𝑞1,…,𝑧𝑛∼𝑞𝑛 ෍

𝑖=1

𝑛

log 𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞

= 𝔼𝑧𝑖~𝑝 𝑧𝑖| 𝑥𝑖,𝜃 ∀𝑖෍

𝑖=1

𝑛

log 𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞

=෍

𝑖=1

𝑛

𝔼𝑧𝑖~𝑝 𝑧𝑖| 𝑥𝑖,𝜃 log 𝜋𝑧𝑖 𝒩 𝑥 𝜇𝑧𝑖 , Σ𝑧𝑖 +𝐻 𝑞

=෍

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝜏𝑘
𝑖 log 𝜋𝑘 𝒩 𝑥 𝜇𝑘 , Σ𝑘 +𝐻 𝑞

• Expand log of Gaussian log𝒩 𝑥 𝜇𝑧𝑖 , Σ𝑧𝑖

𝑙 𝜃; 𝐷, 𝜏 =෍

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝜏𝑘
𝑖 log𝜋𝑘 −

1

2
𝑥𝑖 − 𝜇𝑘

⊤
Σ𝑘
−1 𝑥𝑖 − 𝜇𝑘 −

1

2
log Σ𝑘 − 𝑐 +𝐻 𝑞

22

Analytical Lower Bound



Maximization Step
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• We intend to learn the parameters that maximizes the log-likelihood of the data

𝑙 𝜃; 𝐷 = logෑ

𝑖=1

𝑛

෍

𝑧𝑖=1

𝐾

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃

• Expectation step (E-step): what do we take expectation over?

𝑙 𝜃; 𝐷 ≥ 𝑙 𝜃, 𝐷; 𝑞 = 𝔼𝑧1∼𝑞1,…,𝑧𝑛∼𝑞𝑛 logෑ

𝑖=1

𝑛

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞

• Maximization step (M-step): how to maximize?
𝜃𝑡+1 = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃𝑙 𝜃, 𝐷; 𝑞
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Maximization Step

This is easier now because we have a simpler expression



• 𝑙 𝜃; 𝐷, 𝑞 = σ𝑖=1
𝑛 σ𝑘=1

𝐾 𝜏𝑘
𝑖 log 𝜋𝑘 −

1

2
𝑥𝑖 − 𝜇𝑘

⊤
Σ𝑘
−1 𝑥𝑖 − 𝜇𝑘 −

1

2
log Σ𝑘 − 𝑐 + 𝐻 𝑞

• For instance, we want to find 𝜋𝑘 , and σ𝑘=1
𝐾 𝜋𝑘 = 1

• Form Lagrangian

𝐿 =෍

𝑖=1

𝑛

෍

𝑘=1

𝐾

𝜏𝑘
𝑖 log 𝜋𝑘 − other terms + 𝜆 1 −෍

𝑖=1

𝐾

𝜋𝑘

• Take partial derivative and set to 0

𝜕𝐿

𝜕𝜋𝑘
= ෍

𝑖=1

𝑛
𝜏𝑘
𝑖

𝜋𝑘
− 𝜆 = 0, ⇒ 𝜋𝑘 =

1

𝜆
෍

𝑖=1

𝑛

𝜏𝑘
𝑖 , ⇒ 𝜆 = 𝑛

• Repeat for 𝜇𝑘 and Σ𝑘 for each 𝑘 ∈ 1,2, … , 𝐾
25

M-step: Maximize 𝒍 𝜽;𝑫, 𝒒



• Associate each data and each component with a 𝜏𝑘
𝑖

• Initialized 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 , 𝑘 = 1,2,… ,𝐾

• Iterate the following two steps until convergence:
• Expectation step (E-step): update 𝜏𝑘

𝑖 given the current 𝜋𝑘 , 𝜇𝑘 , Σ𝑘

𝜏𝑘
𝑖 = 𝑝 𝑧𝑖 = 𝑘 | 𝐷, 𝜇, Σ =

𝜋𝑘 𝒩 𝑥 𝜇𝑘 , Σ𝑘

σ
𝑘′=1
𝐾 𝜋𝑘′ 𝒩 𝑥 𝜇𝑘′ , Σ𝑘′

, ∀𝑘 ∈ 1,2, … , 𝐾 ; 𝑖 ∈ 1,2, … , 𝑛

• Maximization step (M-step): update 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 given 𝜏𝑘
𝑖

𝜋𝑘 =
σ𝑖 𝜏𝑘

𝑖

𝑛
, 𝜇𝑘 =

σ𝑖 𝜏𝑘
𝑖 𝑥𝑖

σ𝑖 𝜏𝑘
𝑖

Σ𝑘 =
σ𝑖 𝜏𝑘

𝑖 𝑥𝑖 − 𝜇𝑘 𝑥𝑖 − 𝜇𝑘
⊤

σ𝑖 𝜏𝑘
𝑖

, ∀𝑘 ∈ 1,2, … , 𝐾
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EM (Expectation-Maximization) Algorithm
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EM Graphically

𝜃𝜃∗

𝑙 𝜃∗; 𝐷

𝜃𝑡+1

𝑙 𝜃𝑡+1; 𝐷

𝜃𝑡

𝑙 𝜃𝑡; 𝐷

E-step

M-step



EM Algorithm
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• We intend to learn the parameters that maximizes the log-likelihood of the data

𝑙 𝜃; 𝐷 = logෑ

𝑖=1

𝑛

෍

𝑍𝑖=1

𝐾

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃

• Expectation step (E-step): find the best lower bound of the log-likelihood.

𝑙 𝜃; 𝐷 ≥ 𝑙 𝜃, 𝐷; 𝑞 = 𝔼𝑧1∼𝑞1,…,𝑧𝑛∼𝑞𝑛 logෑ

𝑖=1

𝑛

𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞

• Maximization step (M-step): maximize the lower bound.
𝜃𝑡+1 = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃𝑙 𝜃, 𝐷; 𝑞

29

EM Algorithm (Conceptually)



• Associate each data and each component with a 𝜏𝑘
𝑖

• Initialized 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 , 𝑘 = 1,2,… ,𝐾

• Iterate the following two steps until convergence:
• Expectation step (E-step, Gaussian assignment): update 𝜏𝑘

𝑖 given the current 𝜋𝑘 , 𝜇𝑘 , Σ𝑘

𝜏𝑘
𝑖 = 𝑝 𝑧𝑖 = 𝑘 | 𝐷, 𝜇, Σ =

𝜋𝑘 𝒩 𝑥 𝜇𝑘 , Σ𝑘

σ
𝑘′=1
𝐾 𝜋𝑘′ 𝒩 𝑥 𝜇𝑘′ , Σ𝑘′

, ∀𝑘 ∈ 1,2, … , 𝐾 ; 𝑖 ∈ 1,2, … , 𝑛

• Maximization step (M-step, Gaussian adjustment): update 𝜋𝑘 , 𝜇𝑘 , Σ𝑘 given 𝜏𝑘
𝑖

𝜋𝑘 =
σ𝑖 𝜏𝑘

𝑖

𝑛
, 𝜇𝑘 =

σ𝑖 𝜏𝑘
𝑖 𝑥𝑖

σ𝑖 𝜏𝑘
𝑖

Σ𝑘 =
σ𝑖 𝜏𝑘

𝑖 𝑥𝑖 − 𝜇𝑘 𝑥𝑖 − 𝜇𝑘
⊤

σ𝑖 𝜏𝑘
𝑖

, ∀𝑘 ∈ 1,2, … , 𝐾
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EM Algorithm (Analytically)



• Why is 𝑙 𝜃, 𝐷; 𝑞 a lower bound?
• Jensen’s inequality: 𝑙 𝜃; 𝐷 ≥ 𝑙 𝜃, 𝐷; 𝑞 = 𝔼𝑧𝑖∼𝑞𝑖 logς𝑖=1

𝑛 𝑝 𝑥𝑖 , 𝑧𝑖|𝜃 + 𝐻 𝑞

• Why choosing 𝑞 𝑧1, 𝑧2, … , 𝑧𝑛 = ς𝑖=1
𝑛 𝑝 𝑧|𝑥𝑖 , 𝜃𝑡 given parameter 𝜃𝑡? 

• Equality condition of Jensen’s inequality

• Pick the best lower bound

• Will EM algorithm converge?
• Expectation step (E-step)

• Maximization step (M-step)
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Questions?

“On the Convergence Properties of the EM 

Algorithm” by Jeff Wu 1983

https://projecteuclid.org/journals/annals-of-statistics/volume-11/issue-1/On-the-Convergence-Properties-of-the-EM-Algorithm/10.1214/aos/1176346060.full
https://projecteuclid.org/journals/annals-of-statistics/volume-11/issue-1/On-the-Convergence-Properties-of-the-EM-Algorithm/10.1214/aos/1176346060.full


• 𝑘 = 1 or 2

• Use 𝜏1
𝑖 as the proportion of red, and 𝜏2

𝑖 as the proportion of blue

• Draw only one contour for each Gaussian component
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Expectation-Maximization Iterations

Initialization
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EM Algorithm Demo

Wine dataset: https://archive.ics.uci.edu/dataset/109/wine

https://archive.ics.uci.edu/dataset/109/wine


• The EM algorithm for mixture of Gaussian is like a “soft” clustering algorithm

• K-means:
• ”E-step”: we do hard assignment

• 𝑧𝑖 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑘 𝑥𝑖 − 𝜇𝑘
⊤
Σ𝑘
−1 𝑥𝑖 − 𝜇𝑘

• “M-step”: we update the means and covariance of cluster suing maximum likelihood estimate:

• 𝜇𝑘 =
σ𝑖 𝜏𝑘

𝑖 𝑥𝑖

σ𝑖 𝜏𝑘
𝑖

• Σ𝑘 =
σ𝑖 𝜏𝑘

𝑖 𝑥𝑖−𝜇𝑘 𝑥𝑖−𝜇𝑘
⊤

σ𝑖 𝜏𝑘
𝑖

• where 𝜏𝑘
𝑖 = 1 if 𝑧𝑖 = 𝑘; otherwise 0
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EM v.s. Modified K-means



• Applicable to other models with latent (or 
missing) variables

• Expectation maximization applied to a coin toss 
example (python example)

• Assume you have a sequence of coin flip 
observations from two coins, but you don’t know 
from which coin each of the observations is from

• The EM algorithm starts by initializing a random prior

• Then it calculates the expected log probability 
distribution over the observations, and based on the 
log probability updates the prior
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General Applicability of EM Algorithm

https://github.com/ajcr/em-explanation/blob/master/em-notebook-1.ipynb


• Do we need the distribution to be Gaussian?

• Can we use gradient descent to replace the EM algorithm?

• Do we need the expectation step to be exact?

• Do we need the maximization step to be exact?
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Beyond Gaussian Mixture Models and EM
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  p  ( X )


  𝒩  ( X |   𝜇 k ,  Σ k ) ≔  1     |   Σ k |   1 2    (  2 𝜋 )   d 2   exp ⁡   (  −  1 2    (  X −  𝜇 k ) ⊤  Σ  − 1  (  X −  𝜇 k ) )


  K


  p  ( X ) ≔  ∑  k = 1 K   𝜋 k 𝒩  ( X |   𝜇 k ,  Σ k )


   𝜋 k ∈  (  0 , 1 ) ,    𝜇 k ,  Σ k


  𝓝  ( 𝑿 |   𝝁 𝟐 ,  𝚺 𝟐 )


  𝓝  ( 𝑿 |   𝝁 𝟏 ,  𝚺 𝟏 )


  𝜃 =    (   𝜋 k ,  𝜇 k ,  Σ k )  k = 1 , 2 , … , K


   𝜃 ∗ = a r g m a  x 𝜃   l  (  𝜃 ; D ) ≔   log ⁡  P  (  D | 𝜃 )


  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n  p  (   x i | 𝜃 ) =   log ⁡   ∏  i = 1 n   (   ∑   z i = 1 K  p  (   x i ,  z i | 𝜃 ) )


  𝜃


   𝜃 ∗


  l  (   𝜃 ∗ ; D )


   𝜃 t


  l  (   𝜃 t ; D )


  A


  0 ≤ 𝛼 ≤ 1


  ∀ x , y ∈ A   ⇒ 𝛼 x +  (  1 − 𝛼 ) y ∈ A


  C


   x 1 ,  x 2 ∈ C


   𝜃 1 ,  𝜃 2 ≥ 0


   𝜃 1  x 1 +  𝜃 2  x 2 ∈ C


   {  x |  a ⊤  (  x −  x 0 ) = 0 ,   a ≠ 0 }


   {  x |  a ⊤  (  x −  x 0 ) ≤ 0 ,   a ≠ 0 }


  B  (   x C ,   r ) =  {  x   |      ‖  x −  x c ‖ 2 ≤ r }


  E =  {  x   |      (  x −  x c ) ⊤  P  − 1  (  x −  x c ) ≤ 1 }


  P =  {  x   |    a j ⊤ x ≤  b j ,   j = 1 , 2 , … , m ,      c j ⊤ x =  d j ,   j = 1 , 2 , … , p }


  f :    ℝ n → ℝ


  𝐝 𝐨 𝐦   f ⊂  ℝ n


  x , y ∈ 𝐝 𝐨 𝐦   f


  0 ≤ 𝜃 ≤ 1


  f  (  𝜃 x +  (  1 − 𝜃 ) y ) ≤ 𝜃 f  ( x ) +  (  1 − 𝜃 ) f  ( y )


   (  x , f  ( x ) )


   (  y ,   f  ( y ) )


  f


   (  x , f  ( x ) )


   (  y , f  ( y ) )


  f :    ℝ n → ℝ


  𝐝 𝐨 𝐦   f ⊂  ℝ n


  x , y ∈ 𝐝 𝐨 𝐦   f


  0 ≤ 𝜃 ≤ 1


  f  (  𝜃 x +  (  1 − 𝜃 ) y ) ≥ 𝜃 f  ( x ) +  (  1 − 𝜃 ) f  ( y )


   (  x , f  ( x ) )


   (  y ,   f  ( y ) )


  f


   (  x , f  ( x ) )


   (  y , f  ( y ) )


  f


  f


  𝐝 𝐨 𝐦   f


  f  ( y ) ≥ f  ( x ) + ∇ f    ( x ) ⊤  (  y − x )


  x , y ∈ 𝐝 𝐨 𝐦   f


  f


  x


  f


  f


  𝐝 𝐨 𝐦   f


   ∇ 2 f  ( x ) ≽ 0


  A ≽ 0


  A


   y ⊤ A y ≥ 0   ∀ y


  x ∈ 𝐝 𝐨 𝐦   f


  f  ( x ) =  1 2  x ⊤ A x


  A ≽ 0


  x


   e  a x


  a ∈ ℝ


   x a


   ℝ  + +


  a ≥ 1


  a ≤ 0


   x a


  0 ≤ a ≤ 1


     | x | p


  p ≥ 1


    log ⁡ x


   ℝ  + +


  x   log ⁡ x


  f  ( x ) =   max ⁡   {   x 1 ,  x 2 , … ,  x n }


  f  ( X ) =   log ⁡   (    det ⁡ X )


  f  ( x )


  f  (   ∑ i   a i  x i ) ≥  ∑ i   a i f  (   x i )


   ∑ i   a i = 1 ,    a i ≥ 0


  x


  f


  x


  f  (   𝔼 x  [ x ] ) ≥  𝔼 x  [  f  ( x ) ]


  f  ( x )


  f  (   x 1 )


  f  (   x 2 )


   1 3 f  (   x 1 ) +  2 3 f  (   x 2 )


  f  (   1 3  x 1 +  2 3  x 2 )


  l  (  𝜃 ; D ) =   log ⁡   ∏  i = 1 n   (   ∑   z i = 1 K  p  (   x i ,  z i | 𝜃 ) ) =  ∑  i = 1 n    log ⁡   (   ∑   z i = 1 K  p  (   x i ,  z i | 𝜃 ) ) =  ∑  i = 1 n  l  (  𝜃 ;  x i )
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   𝜃  t + 1 = a r g m a  x 𝜃 l  (  𝜃 , D ; q )


  l  (  𝜃 ;  x i )


  l  (  𝜃 ; x ) =   log ⁡   ∑  z = 1 K  p  (  x , z | 𝜃 )


  =   log ⁡   ∑  z = 1 K  q  ( z )   p  (  x , z | 𝜃 )  q  ( z )


  q  ( z )


  ≥  ∑  z = 1 K  q  ( z )   log ⁡    p  (  x , z | 𝜃 )  q  ( z )


  f  (   ∑ i   a i  x i ) ≥  ∑ i   a i f  (   x i )


  =  ∑  z = 1 K  q  ( z )   log ⁡  p  (  x , z | 𝜃 ) − q  ( z )   log ⁡  q  ( z )


  =  𝔼  z ∼ q  [    log ⁡  p  (  x , z | 𝜃 ) ] + H  ( q )
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   q i =    [   q i  ( 1 ) ,  q i  ( 2 ) , … ,  q i  ( K ) ] ⊤


   q i  ( k ) = p  (   z i = k |   x i , 𝜃 ) ≔  𝜏 k i


   z i


   x i


   𝜏 k i


    p  (  x , z | 𝜃 )  q  ( z ) =   p  (  z , x | 𝜃 )  p  ( z |  x , 𝜃 ) = p  ( x | 𝜃 )


  z


   ∑  z = 1 K  q  ( z ) =  ∑  z = 1 K  p  ( z |  x , 𝜃 ) = 1


  𝒒


  𝜃


   𝜃 t


  l  (  𝜃 ; x )


  l  (  𝜃 , D ; q )


  l  (  𝜃 , D ;  q ′ )


  p  (   z i = 1 ,  x i ) = 0 . 5


  p  (   z i = 2 ,  x i ) = 0 . 2


  p  (   z i = 3 ,  x i ) = 0 . 1


   𝜏  k = 1 i =   0 . 5  0 . 5 + 0 . 2 + 0 . 1


  𝜃 =  𝜃 t


  l  (  𝜃 ; D , q ) =  𝔼   z 1 ∼  q 1 , … ,  z n ∼  q n  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


  =  𝔼   z 1 ∼  q 1 , … ,  z n ∼  q n  [   ∑  i = 1 n   [    log ⁡  p  (   x i ,  z i | 𝜃 ) ] ] + H  ( q )


  =  𝔼   z i ~ p  (   z i |    x i , 𝜃 )   ∀ i  ∑  i = 1 n   [    log ⁡  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )


  =  ∑  i = 1 n   𝔼   z i ~ p  (   z i |    x i , 𝜃 )  [    log ⁡   (   𝜋   z i   𝒩  ( x |   𝜇   z i ,  Σ   z i ) ) ] + H  ( q )


  =  ∑  i = 1 n   ∑  k = 1 K   𝜏 k i   log ⁡   (   𝜋 k   𝒩  ( x |   𝜇 k ,  Σ k ) ) + H  ( q )


    log ⁡  𝒩  ( x |   𝜇   z i ,  Σ   z i )
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  l  (  𝜃 ; D ) ≥ l  (  𝜃 , D ; q ) =  𝔼   z 1 ∼  q 1 , … ,    z n ∼  q n  [    log ⁡   ∏  i = 1 n  p  (   x i ,  z i | 𝜃 ) ] + H  ( q )
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