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Hard-margin SVM

 Find decision boundary w as far from data point as possible
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Soft-margin SVM

« What if the data is NOT linearly separable?
« We will allow points to violate the hard-margin constraint
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Soft-margin SVM

* Find decision boundary w as far from data point as possible (with some
exceptions ¢)
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Soft-margin SVM

« Express the optimization problem in standard form
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Constrained QP objective
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Synthetic: diagonal separation

Hard-margin SVM | Optimizer iteration 0 / 96
Solid: f = 0; dashed: f = *1; colors: predicted class

X1
Margin-band width 2/||w| = 0.044 (standardized space)

® classO @ class1 @ Training A Held-out test
Synthetic: diagonal separation

Hard-margin SVM | Optimizer iteration 0 / 96
Objective = 1054.0104
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Feasible log-barrier Newton iterations; artificial barrier excluded from plotted objective.
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Constrained QP objective
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Support Vector Machine

Iris: two species, two measurements

Soft-margin SVM (C = 1) | Optimizer iteration 0 / 102
Solid: f = 0; dashed: f = +1; colors: predicted class
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Petal length (cm)
Margin-band width 2/||w|| = 0.943 (standardized space)

@ versicolor @ virginica @ Training A Held-out test
Iris: two species, two measurements

Soft-margin SVM (C = 1) | Optimizer iteration 0 / 102
Objective = 155.3358
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J=1Iwl?+C3E&, C=1
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Feasible log-barrier Newton iterations; artificial barrier excluded from plotted objective.

Constrained QP objective

Synthetic: two interleaving moons

Soft-margin SVM (C = 1) | Optimizer iteration 0 / 99
Solid: f = 0; dashed: f = *1; colors: predicted class

=1 0 1 2
X1
Margin-band width 2/||w| = 0.943 (standardized space)

@ moon0 @ moonl @ Training A Held-out test
Synthetic: two interleaving moons

Soft-margin SVM (C = 1) | Optimizer iteration 0 / 99
Objective = 285.8587
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Support Vector Machine

How to actually

» Find decision boundary w as far from data point as possible solve them?
1
min S [|w|*
w,b 2
Sty(wa‘+b)>1 Vi

* Find decision boundary w as far from data point as possible (with some
exceptions ¢)

mm—IIWII2 + CZS“

Sty(WTxl+b)>1—€‘ E>0 Vi
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Lagrangian Duality



Optimization and Lagrangian Duality

« The primal problem

min f(w)
w
s.t.g;(w) <0, i =12, ...,k
hl(W) — O, I = 1,2, ,l

» The Lagrangian function )

l
Lw,@,B) = fW) + ) aigiw) + ) Bihy(w)
=1

i=1
a; = 0 and B; are called the Lagrangian multipliers
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The Lagrangian and the KKT Conditions

» The Lagrangian function

k l
Lw,a,B) = fW) + ) aygiw) + ) fih(w)
=1 =1

* |If wis an optimal solution to the primal problem, then there exist multipliers «a,
(under some assumptions) such that the following “Karush-Kuhn-Tucker” (KKT
conditions hold:

1. Stationarity: g—j} =0

2. Primal feasibility: giw) <0, hy(w) =0

3. Dual feasibility: a, =0 *
4. Complementary slackness: a;g;(w) =0
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https://en.wikipedia.org/wiki/Karush%E2%80%93Kuhn%E2%80%93Tucker_conditions

Properties of Lagrangian

 For any feasible dual variables (Lagrangian multipliers) «; = 0 and S;

« We have:
min f(w) > infL(w,a, B)
w

w feasible:

gi(w)<0, hj(w)=0 Vi ”

* This is great! Can we find the best lower bound by optimizing over a; > 0 and ;?

min w) = max infL(w,«,
w feasible: f( ) 2 a,( feasible w ( 'B)

gilw)=<0, hj(w)=0 Vi a;=0 Vi
Georgia
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Lagrangian Dual Problem

 Dual problem: maximizing the lower bound

max infL(w,«a,
a,P feasible w ( '8)

a;j=0 Vi

- Dual objective: g(a, B) = infL(w,a, ) = inf f(wW) + ¥, a;g; (W) + X}, Bih;(W)
e Dual variables: a, 8
* Dual constraints: a = 0

 Dual problem (in a different form):

max g(a, B)
a,p

s.t.a =0
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Strong and Weak Duality

* Primal problem:
p* = min f(w)
w
s.t.g;(w) <0, i =12,..,k
hl(W) — O, [ = 1,2, ,l

 Dual problem: maximizing the lower bound

d" = a,S %3§ible g(a' ﬁ)

s.t.a=0

* Dualitygap: p*—d* >0
« Weak duality: we know that p* > d* always holds
« Strong duality: p* —d* =0
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Hard-Margin SVM Dual
Problem



Hard-margin SVM

n = wll?
mn 5 Iw
S.t.l—yi(WTxi+b)SO, Vi

« The Lagrangian function

a; (1 —yi(wTxt + b))

-

1
Lw,b,a) = EWTW +
i—1
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Deriving the Dual Problem

e L(w,b,a) = %WTW + Y a; (1 —y (wTx! + b))
 Dual objective: g(a) = inlf L(w,b,a)
w,

« Taking derivative and set to zero to find optimal w and b

oL * Y ]
W —Zaiyx =0
i=1

n
oL i
7 ==, @' =0

=1
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Plug Back the Relation of w and b

18

g(a) = L(w"*, b* a)—zw w’* +zal 1 y(w Tx‘+b))
=1

—

_ i(Z y) (z a,.yfxf) + Z g \ | ((2 “fY"X")T 4 ”)]



The Dual Problem of SVM

Remember to put the constraints back!

* This is a constrained quadratic program
- Nice and concave, and global maximum can be found° ® ©
* How to use the dual solution @ to make prediction/classification?
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Soft-Margin SVM Dual
Problem



Soft-margin SVM

mm —||W||2 + CZf‘

S.t.l—fl—y (wa‘+b3SO
—&'<0 Vi,

21

Vi,

Cr

Georgia
Tech.



Deriving the Dual Problem

* Define Lagrangian:

) L(w,b,& a,B)
1 , . . . .
=—w'w+ ) C& + q; 1—fl—yl(WTxl+b) — Big’
AAPICRLT )

» Taking derivative and set to zero:

ow
%l=1
oL l
TR
oL
9ei C—a;—pi =
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Plug Back Relation of w, b, and ¢

9(a, ) = wi,rzla,fgL(W’ b,§,a,B) = L(w",b",§", a,f)

 After simplification

g(a, ) = 2 =2 ) aagyiy (xi )

S
S
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The Dual Problem

* The constraint C —a; — 3, =0, a; =0, B; = 0 can be simplifiedto C > a; > 0
* This is a constrained quadratic programming
 Nice and concave, and global maximum can be found

24 Gr
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The Dual Problem

 Intuition:

 When C — oo, then this becomes the hard margin SVM.
 Nice and concave, and global maximum can be found

25

Hard-margin SVM

n

max g(@) := Z

i=1

n

1

. T
a — = a;a;y'y’ (x‘ xf)

2 £
[,j=1

s.t.a; =20 Vi=12,....m
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26

Inference and Support
Vectors



Complementary Slackness

» What is the geometric meaning of «;?
« Complementary slackness

* (1 — & —yHwTxl + b)) =0
e (C—a;)é =0. (because p; =C — «a;)

Primal problem

min —||w||2 + CZ i

S.t.l—f‘ yi(wTx! +b)<0

?/ —&'<0 Vi
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Complementary Slackness

* Non-margin support vectors a; = C # 0:
 Thismeansf; =C—a; =0
» Therefore, §; > 0,and 1 — y'(wTx' + b) =& >0

Points violate

the margin

Primal problem

n
1 .
U 2 l
min > liwl +CZf
l

.=1 n
o o
s.t.1=¢ =y (wix' +b) <0, Z a;y" =0 Georgia
=<0 Vi i=1 Tech.
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Complementary Slackness

* Non-margin support vectors a; = C # 0:
 Thismeansf; =C—a; =0
» Therefore, §; > 0,and 1 — y'(wTx' + b) =& >0

e Margin support vectors 0 < «; < C:
« Thismeans;=C—a; >0
* Therefore, é; = 0,and 1 — yi(WTxi + b) =& =0

Class 1

Dual problem

Primal problem

mm —||W||2 + CE &t

Stl—fl—y(WTxl+b)<O

> —&'<0 Vi

n

n
1 S
o E = E avivi(xt xJ
mo?xg(a). . a;— a;a;yty (x x)

=1 I,j=1
s.t.C =2«

i =0 Vi

Yay -

i=1
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Complementary Slackness

* Non-margin support vectors a; = C # 0:
 Thismeansf; =C—a; =0
* Therefore, §; > 0,and 1 — y'(w'x! + b) =& >0

e Margin support vectors 0 < ¢; < C:
« Thismeansf;=C—a; >0
« Therefore, §; = 0,and 1 — y!(w'x! + b) = &l =

* Non-support vectors 0 = a;:
e Thismeans;,=C—a; =C>0
* Therefore, &; = 0,ie., 1 — yi(wai - b) <&l =

30

wix+b=0

*
‘0
‘II .
*
*
*
*

Georgia
GI' Tech.



Classification by Support Vectors

n
w = E a;ytxt
i=1

» Pick any data point with 0 < a; < C to compute b by:
1—y(wTx*+b) =0

 Recall that we have:

* For a new test point z
« Compute -

wTz+b = (Z a;y" (xiTz)> +b= ( z ;)" (xiTz)> +b

i=1 LEsupport vectors

« Classify z as class 0 if the result is negative (or wx + b < 0)

« Classify z as class 1 if the result is positive (or w'x + b = 0)
31
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Inference of Support Vector Machines

« We make decisions by comparing each new example z with only the support

vectors:

y* =sign(w'z + b) = sign

Primal
 Primal solution w*, b*
* Inference: sign(w'z + b)

« Computation cost: 0(d)

32

z a;y" (xiTZ) + b

LEsupport vectors

Dual
* Dual solution a with n" support vectors (nonzero «;)

. . T
* Inference:sign ((ZiEsupport vectors XiV' (x‘ Z)) + b)

* Need to pre-compute the offset b € R by any
support vector
« Computation cost: 0(dn’)
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Hinge Loss



Hinge Loss

 Definition: Assuming the label y € {—1,1} and the decision rule is h(x) =
sign(f(x)) with f(x) =wTx + b
0 if yf(x) 21

INCE(f (0, y) = {4 _ vf(x)  otherwise

Hinge Loss

logistic — -y f(x)
Log loss\\ Hinge loss l (fx)fy) =log(1 +e )

IHINGE (£ (x), y)
. 0-1 loss

yf () P — | yf (%)

1

- Intuition: penalize more if incorrectly classified (the left size of the curve)

e Convenient shorthand:

) [HINGE (f (2), y) = max(0,1 = yf (x)) G- G



Equivalence of Hinge Loss to SVMs

Regularization

« Minimizing the total hinge Ioss on all the training data

mmZmax(Ol v wTxt +b])+—IIWII2

 This is analogous to the regularized least square, which balances two terms (the loss
and the regularizer). Conventionally, we rewrite the objective function as (C = % ):

mmCZmax(Ol Y wTxt +b])+—||w||2

=
« We further rewrite this into anotr;ler equivalent form

min €y £+ wlP
w,bé 4 2

l= . . .
s.t. maxtO 1—ywTx! +b|) = & vi

’ Georgia
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Equivalence of Hinge Loss to SVMs

 Primal formulation:

min cz Fig - ||w||2

s.t.1— [WTXl + b] < & Vi
0< ¢t
Where all & are called slack variables. Soft-margin SVM

min - ||W||2 + Cz i

Sty(w +b)>1—€‘
E8>0 Vi

Georgia
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Kernel (nonlinear) SVM



The Dual Problem

n
. T
maxg(a z al-ajylyf (xl xf)
1,j=1
g’t = a; >0 Vi
A
2, .
= Hard-margin SVM
n 1 n
. T
mo?xg(a) = Z a—> a;a;yty’ (x‘ xf)
=1 [,j=1

s.t.a; =20 Vi=1,2,.

aiyi =0

s

=1
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Kernel SVM

n n
— 1 ] L ]
max g(a) == ) a; — ) a;o;y'y K(xt x7)
i=1 ij=1
t g’t = a; >0 Vi
2, =
= Hard-margin kernel SVM
n n
1 . .
max g(a) = Z a—5 aiajylyfl{(x‘,xf)
a

i=1 ij=1
s.t.a; =20 Vi=12,....m

n
Z“iyi =0

=1

Georgia
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Kernel SVM

n
mc?xg(a) :=2 a; Zz:aa]y ny(x xf)

« Kernel K(x,x") measures the similarity of any pair x,x’ € X
 Generalkernel: K: X xX - R
* Inner product-like kernel: K(x, x") = (¢(x), p(x'))y, where ¢p: X - V

- Map the data points x! into a higher-dimensional space ¢(x) where the separation becomes
easier.

Georgia
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Kernel SVM

3D

« What kernel to use in SVM?

« Kernel K(x,x") measures the similarity between two points x,x’ € X
 Pick your similarity measure!

41
Image by Suraj Yadav
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Kernel SVM Demo

Synthetic: diagonal separation

RBF SVM (C = 1, gamma = 1) | SMO iteration 0 / 400
Solid: f = 0; dashed: f = £1; rings: nonzero dual coefficients
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RBF SVM | SMO iteration 0 / 400
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SMQ iteration (one pair update)

Dual ascent increases D; the primal objective P need not decrease every step.

Iris: two species, two measurements

RBF SVM (C = 1, gamma = 1) | SMO iteration 0 / 93
Solid: f = 0; dashed: f = £1; rings: nonzero dual coefficients
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RBF SVM | SMO iteration 0 / 93
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SMO iteration (one pair update)

Dual ascent increases D; the primal objective P need not decrease every step.

Synthetic: two interleaving moons

RBF SVM (C = 1, gamma = 1) | SMO iteration 0 / 234
Solid: f = 0; dashed: f = £1; rings: nonzero dual coefficients
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Advantage of Dual SVM

 Short answer: kernel
* Long answer: keeerrneeel

« Primal: no good kernel extension
 Dual: naturally extend to different kernels

 Primal: learns w, b and classifies z by computingw'z + b

. c . ; T
» Dual: learns a and classifies z by computing Y;esupport vectors @iy (xl z) + b

Georgia
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Takeaways



SVMs v.s. Logistic Regression |

 Logistic regression focuses on maximizing
the probability of the data. The farther the
data lies from the separating hyperplane

) : ) loss = —lpg P(y = —1|x,w, b %aller loss
(on the correct side), the happier LR is.

Class O

T —
« SVM tries to find the separating hyperplane N xﬂ+ =0
that maximizes the distance of the closest
points to the margin (the support vectors).
If a point is not a support vector, it doesn't

Zero loss for points
outside of the margins

Additionatyiolationas ‘@

aloss hingé.lpss) ., Class 1
really matter. oy 0 .
. . ‘?‘. Margin as a loss
K ‘%,  (formulated as a

* " "

*,, regularization w 'w)
*
*

Y Georgia
., /C ﬁl" Tech.
Class O &a
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SVMs v.s. Logistic Regression

Synthetic: diagonal separation

Logistic regression | Iteration 1,200/ 1,200 | Boundary: p = 0.5

@ class0 @ class1 @ Training A Held-out test

Synthetic: diagonal separation

Hard-margin SVM | Optimizer iteration 96 / 96
Solid: f = 0; dashed: f = +1; colors: predicted class

X1
Margin-band width 2/||w| = 0.131 (standardized space)

@ class0 @ class1 @ Training A Held-out test

Iris: two species, two measurements

Logistic regression | Iteration 1,200 / 1,200 | Boundary: p = 0.5
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@ versicolor @ virginica @ Training A Held-out test

Iris: two species, two measurements

Soft-margin SVM (C = 1) | Optimizer iteration 102 / 102
Solid: f = 0; dashed: f = £1; colors: predicted class
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Petal length (cm)
Margin-band width 2/|w| = 1.016 (standardized space)

@ versicolor @ virginica @ Training A Held-out test

Synthetic: two interleaving moons

Logistic regression | Iteration 1,200 / 1,200 | Boundary: p = 0.5
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@ moon 0 @ moon 1 @ Training A Held-out test

Synthetic: two interleaving moons

Soft-margin SVM (C = 1) | Optimizer iteration 99 / 99
Solid: f = 0; dashed: f = +1; colors: predicted class
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Margin-band width 2/||lw|| = 1.131 (standardized space)
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   w ⊤ x + b = 0


   c   ‖ w ‖


   c   ‖ w ‖


  w


      m i n  w , b ⁡     1 2    ‖ w ‖ 2


  s . t .    y i  (   w ⊤  x i + b ) ≥ 1 ,           ∀ i


  w


  𝜉


      m i n  w , b , 𝜉 ⁡   1 2    ‖ w ‖ 2 + C  ∑  i = 1 n   𝜉 i


  s . t .    y i  (   w ⊤  x i + b ) ≥ 1 −  𝜉 i ,      𝜉 i ≥ 0           ∀ i


      min w ⁡  f  ( w )


  s . t .    g i  ( w ) ≤ 0 ,         i = 1 , 2 , … , k


   h i  ( w ) = 0 ,         i = 1 , 2 , … , l


  L  (  w , 𝛼 , 𝛽 ) = f  ( w ) +  ∑  i = 1 k   𝛼 i  g i  ( w ) +  ∑  i = 1 l   𝛽 i  h i  ( w )


   𝛼 i ≥ 0


   𝛽 i


  L  (  w , 𝛼 , 𝛽 ) = f  ( w ) +  ∑  i = 1 k   𝛼 i  g i  ( w ) +  ∑  i = 1 l   𝛽 i  h i  ( w )


  w


  𝛼 , 𝛽


    𝜕 L  𝜕 w = 0


   g i  ( w ) ≤ 0 ,        h i  ( w ) = 0


   𝛼 i ≥ 0


   𝛼 i  g i  ( w ) = 0


   𝛼 i ≥ 0


   𝛽 i


      min      w   feasible :     g i  ( w ) ≤ 0 ,          h i  ( w ) = 0   ∀ i ⁡  f  ( w ) ≥     inf w ⁡  L  (  w , 𝛼 , 𝛽 )


   𝛼 i ≥ 0


   𝛽 i


      min      w   feasible :     g i  ( w ) ≤ 0 ,          h i  ( w ) = 0   ∀ i ⁡  f  ( w ) ≥     max      𝛼 , 𝛽   feasible     𝛼 i ≥ 0   ∀ i ⁡      inf w ⁡  L  (  w , 𝛼 , 𝛽 )


      max      𝛼 , 𝛽   feasible     𝛼 i ≥ 0   ∀ i ⁡      inf w ⁡  L  (  w , 𝛼 , 𝛽 )


  g  (  𝛼 , 𝛽 ) ≔     inf w ⁡  L  (  w , 𝛼 , 𝛽 ) =     inf w ⁡  f  ( w ) +  ∑  i = 1 k   𝛼 i  g i  ( w ) +  ∑  i = 1 l   𝛽 i  h i  ( w )


  𝛼 , 𝛽


  𝛼 ≥ 0


      max  𝛼 , 𝛽 ⁡  g  (  𝛼 , 𝛽 )


  s . t .   𝛼 ≥ 0


   p ∗ =     min w ⁡  f  ( w )


  s . t .    g i  ( w ) ≤ 0 ,         i = 1 , 2 , … , k


   h i  ( w ) = 0 ,         i = 1 , 2 , … , l


   d ∗ =     max  𝛼 , 𝛽   f e a s i b l e ⁡  g  (  𝛼 , 𝛽 )


  s . t .   𝛼 ≥ 0


   p ∗ −  d ∗ ≥ 0


   p ∗ ≥  d ∗


   p ∗ −  d ∗ = 0


      m i n  w , b         ⁡     1 2  ‖ w ‖ 2


  s . t .   1 −  y i  (   w ⊤  x i + b ) ≤ 0 ,           ∀ i


  L  (  w , b , 𝛼 ) =  1 2  w ⊤ w +  ∑  i = 1 n   𝛼 i  (  1 −  y i  (   w ⊤  x i + b ) )


  L  (  w , b , 𝛼 ) =  1 2  w ⊤ w +  ∑  i = 1 n   𝛼 i  (  1 −  y i  (   w ⊤  x i + b ) )


  g  ( 𝛼 ) ≔     inf  w , b ⁡  L  (  w , b , 𝛼 )


  w


  b


    𝜕 L  𝜕 w =  w ∗ −  ∑  i = 1 n   𝛼 i  y i  x i = 0


    𝜕 L  𝜕 b = −  ∑  i = 1 n   𝛼 i  y i = 0


  g  ( 𝛼 ) ≔ L  (   w ∗ ,  b ∗ , 𝛼 ) =  1 2    w ∗ ⊤  w ∗ +  ∑  i = 1 n   𝛼 i  (  1 −  y i  (     w ∗ ⊤  x i + b ) )


  =  1 2    (   ∑  i = 1 n   𝛼 i  y i  x i ) ⊤  (   ∑  j = 1 n   𝛼 j  y j  x j ) +  ∑  i = 1 n   𝛼 i  (  1 −  y i  (     (   ∑  j = 1 n   𝛼 j  y j  x j ) ⊤  x i + b ) )


  =  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j ) − b  ∑  i = 1 n   𝛼 i  y i


  0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .    𝛼 i ≥ 0       ∀ i = 1 , 2 , … , m


   ∑  i = 1 n   𝛼 i  y i = 0


  𝛼


      m i n  w , b , 𝜉 ⁡     1 2    ‖ w ‖ 2 + C  ∑  i = 1 n   𝜉 i


  s . t . 1 −  𝜉 i −  y i  (   w ⊤  x i + b ) ≤ 0                 ∀ i ,    


    − 𝜉 i ≤ 0           ∀ i   .


  L  (  w , b , 𝜉 , 𝛼 , 𝛽 )


  =  1 2  w ⊤ w +  ∑  i = 1 n    C 𝜉 i +  𝛼 i  (  1 −  𝜉 i −  y i  (   w ⊤  x i + b ) ) −    𝛽 i 𝜉 i


    𝜕 L  𝜕 w =  w ∗ −  ∑  i = 1 n   𝛼 i  y i  x i = 0


    𝜕 L  𝜕 b = −  ∑  i = 1 n   𝛼 i  y i = 0


    𝜕 L  𝜕  𝜉 i = C −  𝛼 i −  𝛽 i = 0


  g  (  𝛼 , 𝛽 ) ≔     inf  w , b , 𝜉 ⁡  L  (  w , b , 𝜉 , 𝛼 , 𝛽 ) = L  (   w ∗ ,  b ∗ ,  𝜉 ∗ , 𝛼 , 𝛽 )


  =  1 2    (   ∑  i = 1 n   𝛼 i  y i  x i ) ⊤  (   ∑  i = 1 n   𝛼 i  y i  x i ) +  ∑  i = 1 n    C 𝜉 i +  𝛼 i  (  1 −  𝜉 i −  y i  (     (   ∑  i = 1 n   𝛼 i  y i  x i ) ⊤  x i + b ) ) −    𝛽 i 𝜉 i


  =  1 2    (   ∑  i = 1 n   𝛼 i  y i  x i ) ⊤  (   ∑  j = 1 n   𝛼 i  y j  x j ) +  ∑  i = 1 n   𝛼 i  (  1 −  y i  (     (   ∑  j = 1 n   𝛼 i  y j  x j ) ⊤  x i + b ) )


  g  (  𝛼 , 𝛽 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  𝝃


      max  𝛼 , 𝛽 ⁡  g  (  𝛼 , 𝛽 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .   C −  𝛼 i −  𝛽 i = 0 ,      𝛼 i ≥ 0 ,      𝛽 i ≥ 0               ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


  C −  𝛼 i −  𝛽 i = 0 ,      𝛼 i ≥ 0 ,      𝛽 i ≥ 0  


  C ≥  𝛼 i ≥ 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


  C → ∞


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .    𝛼 i ≥ 0       ∀ i = 1 , 2 , … , m


   ∑  i = 1 n   𝛼 i  y i = 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


      m i n  w , b , 𝜉 ⁡     1 2    ‖ w ‖ 2 + C  ∑  i = 1 n   𝜉 i


  s . t . 1 −  𝜉 i −  y i  (   w ⊤  x i + b ) ≤ 0 ,       − 𝜉 i ≤ 0           ∀ i


   w ⊤ x + b = 0


   𝛼 i


   𝛼 i  (  1 −  𝜉 i −  y i  (   w ⊤  x i + b ) ) = 0


   (  C −  𝛼 i )    𝜉 i = 0


   𝛽 i = C −  𝛼 i


   c   ‖ w ‖


   c   ‖ w ‖


   𝛼 i = C ≠ 0


   𝛽 i = C −  𝛼 i = 0


   𝜉 i ≥ 0


  1 −  y i  (   w ⊤  x i + b ) =  𝜉 i ≥ 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


      m i n  w , b , 𝜉 ⁡     1 2    ‖ w ‖ 2 + C  ∑  i = 1 n   𝜉 i


  s . t . 1 −  𝜉 i −  y i  (   w ⊤  x i + b ) ≤ 0 ,       − 𝜉 i ≤ 0           ∀ i


   w ⊤ x + b = 0


   𝜉 i > 0 ,    𝛼 i = C


   c   ‖ w ‖


   c   ‖ w ‖


   𝛼 i = C ≠ 0


   𝛽 i = C −  𝛼 i = 0


   𝜉 i ≥ 0


  1 −  y i  (   w ⊤  x i + b ) =  𝜉 i ≥ 0


  0 <  𝛼 i < C


   𝛽 i = C −  𝛼 i > 0


   𝜉 i = 0


  1 −  y i  (   w ⊤  x i + b ) =  𝜉 i = 0


   w ⊤ x + b = 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


      m i n  w , b , 𝜉 ⁡     1 2    ‖ w ‖ 2 + C  ∑  i = 1 n   𝜉 i


  s . t . 1 −  𝜉 i −  y i  (   w ⊤  x i + b ) ≤ 0 ,       − 𝜉 i ≤ 0           ∀ i


   𝜉 i = 0 ,   C >  𝛼 i > 0


   c   ‖ w ‖


   c   ‖ w ‖


   𝛼 i = C ≠ 0


   𝛽 i = C −  𝛼 i = 0


   𝜉 i ≥ 0


  1 −  y i  (   w ⊤  x i + b ) =  𝜉 i ≥ 0


  0 <  𝛼 i < C


   𝛽 i = C −  𝛼 i > 0


   𝜉 i = 0


  1 −  y i  (   w ⊤  x i + b ) =  𝜉 i = 0


  0 =  𝛼 i


   𝛽 i = C −  𝛼 i = C > 0


   𝜉 i = 0


  1 −  y i  (   w ⊤  x i + b ) ≤  𝜉 i = 0


   w ⊤ x + b = 0


  c


  c


  w =  ∑  i = 1 n   𝛼 i  y i  x i


  0 <  𝛼 i < C


  b


  1 −  y i  (   w ⊤  x i + b ) = 0


  z


   w ⊤ z + b =  (   ∑  i = 1 n   𝛼 i  y i  (     x i ⊤ z ) ) + b =  (   ∑  i ∈ s u p p o r t   v e c t o r s   𝛼 i  y i  (     x i ⊤ z ) ) + b


  z


   w ⊤ x + b ≤ 0


  z


   w ⊤ x + b ≥ 0


  z


   y ∗ = s i g n  (   w ⊤ z + b ) = s i g n    (   (   ∑  i ∈ s u p p o r t   v e c t o r s   𝛼 i  y i  (     x i ⊤ z ) ) + b   )


   w ∗ ,  b ∗


  s i g n  (   w ⊤ z + b )


  O  ( d )


  𝛼


   n ′


   𝛼 i


  s i g n    (   (   ∑  i ∈ s u p p o r t   v e c t o r s   𝛼 i  y i  (     x i ⊤ z ) ) + b   )


  b ∈ ℝ


  O  (  d  n ′ )


  y ∈  {  − 1 , 1 }


  h  ( x ) = s i g n  (  f  ( x ) )


  f  ( x ) =  w ⊤ x + b


   l  H I N G E  (  f  ( x ) , y ) =  {      0    1 − y f  ( x )            i f   y f  ( x ) ≥ 1   o t h e r w i s e


   l  H I N G E  (  f  ( x ) , y ) =   max ⁡   (  0 , 1 − y f  ( x ) )


   l  H I N G E  (  f  ( x ) , y )


  y f  ( x )


   l  l o g i s t i c  (  f  ( x ) , y ) =   log ⁡   (    1 + e  − y f  ( x ) )


  y f  ( x )


      m i n  w , b   ⁡   ∑  i = 1 n  m a x ⁡ ( 0 , 1 −  y i  [   w ⊤  x i + b ] ) +  𝜆 2    ‖ w ‖ 2


  C =  1 𝜆


      m i n  w , b   ⁡  C  ∑  i = 1 n  m a x ⁡ ( 0 , 1 −  y i  [   w ⊤  x i + b ] ) +  1 2    ‖ w ‖ 2


      m i n  w , b , 𝜉   ⁡  C  ∑  i = 1 n   𝜉 i +  1 2    ‖ w ‖ 2


  s . t . m a  x ⁡   (  0 , 1 −  y i  [   w ⊤  x i + b ] ) =  𝜉 i       ∀ i


      m i n  w , b , 𝜉   ⁡  C  ∑  i = 1 n   𝜉 i +  1 2    ‖ w ‖ 2


  s . t . 1 −  y i  [   w ⊤  x i + b ] ≤  𝜉 i       ∀ i


  0 ≤  𝜉 i


   𝜉 i


      m i n  w , b , 𝜉 ⁡   1 2    ‖ w ‖ 2 + C  ∑  i = 1 n   𝜉 i


  s . t .    y i  (   w ⊤  x i + b ) ≥ 1 −  𝜉 i ,      𝜉 i ≥ 0           ∀ i


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .    𝛼 i ≥ 0       ∀ i = 1 , 2 , … , m


   ∑  i = 1 n   𝛼 i  y i = 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j K  (   x i ,  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j K  (   x i ,  x j )


  s . t .    𝛼 i ≥ 0       ∀ i = 1 , 2 , … , m


   ∑  i = 1 n   𝛼 i  y i = 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j K  (   x i ,  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i


   ∑  i = 1 n   𝛼 i  y i = 0


  K  (  x ,  x ′ )


  x ,    x ′ ∈ X


  K : X   ×   X   →   ℝ


  K  (  x ,  x ′ ) =    ⟨  𝜙  ( x ) , 𝜙  (   x ′ ) ⟩ V


  𝜙 : X → V


   x i


  𝜙  (   x i )


  K  (  x ,  x ′ )


  x ,  x ′ ∈ X


  w , b


  z


   w ⊤ z + b


  𝛼


  z


   ∑  i ∈ s u p p o r t   v e c t o r s   𝛼 i  y i  (     x i ⊤ z ) + b


  l o s s = −   log ⁡  P  (  y = 1 |  x , w , b )


  l o s s = −   log ⁡  P  (  y = − 1 |  x , w , b )


   w ⊤ x + b = 0


   w ⊤ w


   c   ‖ w ‖


   c   ‖ w ‖


   w ⊤ x + b = 0

