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Representation



Linear and Ridge Regression (recap)

- Assume y is a linear function of x € R® (features) plus noise €
y=0Tx+¢

where € is an error modeled as Gaussian N(0, ¢?)

« Given n data points, find 6 that minimizes the mean square error

n

) p 1 | N

0 = argmingL(6) + > 1012 = Ez(y(") — Tx®)’ +> 1161’
(=1

dL(0) 2 2
= ——XT —X'X64+2160 =0
00 n Y +n T

>0 =X"X+AD)"XTy
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Polynomial Regression
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« What if we want to fit a d-dimensional polynomial regression model?
y =00+ 0x+0,x*+ -+ 0;x%+ €

.+ Letting # = (1,x, %2, ...,x%) " and 8 = (6, 04,65, ..., 0,)"

s Do linear regressionon ¥ to fity = 6% Gy Georgia



Least Mean Square Method for Polynomial

 Given n data points, find 8 that minimizes the mean square error.

n

~ 1 . .

6 = argming L(0) = gz(y‘ - HTf‘)Z
i=1

« Same as the linear regression (least mean square method), we can set gradient
to 0 and write it in matrix form:
- Define X = (W, ), ...,J“é("))T € Ry = (y(1) (2), ...,y("))T € R", gradient becomes
oL(6) 2

2 i
= _LFTy 4 Z%TRe=0 s=0=(FR) %7
= X7y +— (X7X) Xy

* Picking different maximal degree d for the polynomial will give a different solution.
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Increasing the Maxima
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Increasing the Maximal Degree
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Linear Regression v.s. Polynomial Regression

-----

* Linear regression  d-dim polynomial regression
y=0"x+e¢€ Yy =00+ 01x+0,x*+ -+ 0;x% + €
where x € R,y € R =0'%

where ¥ = [1,x,x2, ..., x%]T e Rl y e R

10t e epata |
F| = curve fit |

E:— .................. : .:
- ?:_ .- ..... ......
oo o A T - N
] x ER |:> ¥=0¢(x) =[1,x,x2..,x%" € R¢t1
L T T N
X ool 2
Now it becomes a high-dimensional *%\ [

“linear” regression problem on X \/
9 5



High-dimensional Polynomial Regression

« Given a training dataset D;,4i, = {(X(‘),y(l))}ie{l,z,___,n}

* Linear regression « k-dim polynomial regression
y=0Tx+¢ y=0y+6;x; +60,x, +--+0,x,4
where x = [x{, %5, ...,x4]T ER%, y € R +01 1X1%1 + 015 X%, + ...
+9i1i2,___,imxi1xi2 wXj, Fee €

=0'x

. T
where & = |1, %y, .., x; X, .. %;,| € RYy € R

~ T /
x € R4 |:> ¥=¢0) =|1,xq, .., %%, .x;,| €RY

Now it becomes a high-dimensional
“linear” regression problem on X

You will have all possible
polynomials up to degree k,

ie., (“*¢71) number of Gy Seorgia
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Can We Generalize this Idea?

- Define a non-linear mapping ¢: R% — R4 to map from d-dimensional points to d’-
dimensional poin’[sz.D

3D
. AT,
”j BT,
* v




Non-linear Regression (given embedding ¢: R¢

-----

- Construct a new dataset D/, ,;,, = {(¢(x?),y®)}

Do ridge regressionon D;..;..

. Define X = [¢p(x@), p(x@), ..., p(x™)] ",y = [y®,y®, .., y®]"
. Wecansolve 8" = (XTX + A1) X7y

12
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Kernel Function



Can We Avoid Expanding the Features?

« Kernel functions!

 Kernel k: RExR% — R measures the nonlinear similarity between two points
@ ,-()
X 7, X

+ The main idea is to use k(x®, x) = (¢(xD), p(xD)) = p(xD) " p(xP) to replace all inner
products.
« Hope that we can just use k to avoid ¢

Georgia
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Example: Kernel SVM

- We can apply embedding ¢: R¢ - R?
to the dual problem of SVM.

* The inner products in the dual
formulation can be replaced by kernel
function.

* The advantage is that we don't need to
know/specify the embedding ¢.

15

Dual problem

n
1 ST
mo?xg(a) = . a = z a;a;yty’ (x‘ xf)

n
=1 ,j=1

—

s.t.C =za; =20 Vi, a;y

n
i=1

Dual problem + embedding ¢

maxg(@) = ) @ —3 Y wayy (BT HED)

n
=1 [,j=1

s.t.C=a; >0 Vi, a;yt =0

E

1
=

l

Dual problem + kernel k

n n
1

a.__
' 24

=1 [,j=1

max g(a) = al-ajyiyjk(x(i), X(]))
a

s.t.C=za; =20 Vi, a;yt =0

n
i=1




Kernel SVM Example

« Kernel SVM implicitly maps data into a nonlinear feature space
 Find linear decision boundary in the new space

16
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Kernel SVM Example

Support Vector Machine with polynomial kernel

|

Gr Georgia
- Tech.
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Common Kernel Functions

» Polynomial of degree d
o k(x,x) =(xTx")
Polynomial of degree up to d
e k(x,x) =(Tx"+ )¢
Exponential kernel (infinite degree polynomials)

s2(xTx")” + s3(xTx")®

2 3!

e k(x,x)=exp(s-x"x")~=1+sx"x +

Gaussian RBF kernel
« k(x,x") =exp (— =] )

202

Laplace kernel

. k(x,x') = exp (_M)

202

Exponentiated distance

d(x,x’)2

o k(x,x") =exp (—S—2>

Georgia
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What k(x, x') can be Called a Kernel Function?
e k(x,x") =¢p(x)Tdp(x") (but we don't know ¢)

+ Given a dataset D = {(x, )} ., REAEE

o CompL)lte pairwise kernel function k(x¥, x/)) and form a nxn kernel matrix (Gram
matrix

k(x@®,xW)  k(xW,x@) o k(x@®,x)
o | HE@,2®) k(@ x2) k(x@, )
k(x™,xD) k(™ @) p(x® 5 )

* k(x,x") is a kernel function iff matrix K is positive semidefinite
s VVERY v Kv=>0

19 Gr
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Kernel Regression



Kernel Regression

-----

- Construct a new dataset Dy, ,;,, = {(¢(x?),y)}

Do ridge regression on D;,.;;..

+ Define X = [¢(x®), p(x@), .., p(x™)] ",y = [yV,y@, .., y®]"
. Wecansolve 8" = (XTX + A1) X7y

 Let's see what we can do to express this in terms of K

21
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Kernel Regression

 Matrix inversion lemma (v B € R™*™), we have:
(BB +A)"'B=B(B'B+ )™

- Evaluate ridge regression solution 6* = (XX + A1)~ X Ty on a new point x
« Prediction: 6* T (x) = p(x)T0* = ¢(x)1(5zT)? + /11)_1)?le = ¢(x)1XT(XXT + Az)“|y

=ki(K+AD™ 1y

. Where K = [k(x®,xD)] € R™,and ky = (k(x®,x)) € R™

ie[n]

Georgia
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Kernel Regression

1. Given a training dataset D4, = {(x(l),y(l))}ie{ljz,___,n}

2. Compute the Kernel matrix: K = [k(x®,xU))]. | € RX7

I,jE[n

3. For any new point x, compute k, = (k(x(i),x)) e R™¥1

1€[n]

4. Prediction: k] (K + A~y

23
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Kernel Regression Example

 Use Gaussian RBF kernel

o k(x,x") =exp

2.0 1

1.51

—2.01

N
202

Gaussian RBF kernel | 0 = 0.55, A = 0.1
MSE to noiseless function = 0.009

@ Noisy training data
=== True function
—— Linear least squares ©
== Kernel ridge d

Gaussian RBF kernel | 0 = 0.12, A = 0.0001
MSE to noiseless function = 1.246

o =055 1=01

-2

-1 0 1 2

Small o, small 1

» Use cross-validation to choose parameters

24

2.0 1

—2.01

Gaussian RBF kernel | 0 = 2.5, A = 10
MSE to noiseless function = 0.451

-3 -2 -1 0 1 2 3

Large ax, large 4

Georgia



Questions

* |s the regression method using a given embedding model ¢ a parametric model
or non-parametric model?

* |s the kernel regression a parametric model or non-parametric model?

« What is the computation cost of kernel regression?
 Prediction of xis k] (K + AI)~ 1y

Georgia
25 Gl" Tech.
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Principal Component Analysis (recap)

Can we apply the
Given n data points, {x,x®), .., xM} € R4 PPly
T kernel methods to

PCA?

Step 1: estimate the mean and covariance matrix from the data:
c u= %Zgl:lx(i) and C = i2?=1(x(i) — 1) (x® — 'u)T

Step 2: take the eigenvectors w!, w?, ...of C corresponding to the largest eigenvalue 1,, the second
largest eigenvalue A,,...

Step 3: compute reduced representation

(w0~ )
. JA

z" = WZT(X(i) —H)
\ E
27 G 2o




Kernel PCA

- Given n data points, {x®),x®), .., x(M} € R?

« Step 1: estimate the mean and covariance matrix from the data:
=23 p(xP) and € = 23 ($(x©) — ) (p(x @) — )"

- Step 2: take the eigenvectors wl, w?, ...of C corresponding to the largest eigenvalue 1,, the second
largest eigenvalue A,,...

» Step 3: compute reduced representation

wl' (p(x®) - p)
[ ' \
T W (p(x ) — )
7,

28 G Seoyote




Kernel PCA

+ We want to do eigen-decomposition on ¢ = =¥ (¢(x®) = 1) (p(x@) = )"

- For simplicity, let's assume x( and ¢(xV) are normalized to have 0 mean.

. ¢ .=1¢(x(i>)¢(x(t>)T _

- Trick: express the principal component w’ as a linear combination of the data points

« Can we use thisto find Cw/ = AJw/?
29




Kernel PCA

« We have:

 Multiple both side by X on the left, we get

1. _ _
—XX"Ka = L, Xw/ = L,XX"a = LiKa
n

 Therefore, we have:

1
—K?q = AiKa
n

30
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Kernel PCA

« We can simply write | | Are they
Kal = ni;a’ orthonormal?

* l.e. @’ is an eigenvector of the kernel matrix K, with eigenvalues n4;
- Often, we want to keep the principal component w/ = XTa’ to have norm 1 (normal)

Iwi||° =/ XXTa) = a/ Ko’/ = 1 (scale a’ to make it norm 1)

* For any data point x, we can represent it as

d(x)Twl d(x)TXTal kot
= PTwW | _ [ ¢()TXTa® | _ [ kxa?
qb(x.)"Tw" qb(x)ﬂ?Ta" kjc.x"

Georgia
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Kernel PCA

- When ¢(x¥) does not have 0 mean, set ¢(xV) = ¢p(xV) — %anl ¢(x¥)) and
redo the same process

* The kernel of ¢ becomes
R(x®,x0) = c/’i(x(i))Tcii(x(f))
= (p(x) - 255, $(x®)) ($(x?) =257, $(x))
= K(x®,x0) — % > K(x®, x (k) — % yn_ K (x®, xD) + % e K (2R, (K1)

1

- 1 1
K=K-— EKlnxn - 1, xnK +—=1,n K1 xn

nZ

Georgia
32 Gl" Tech.



Summary of Kernel PCA

1. Pick a kernel function k: R¢xR% — R

2. Construct the normalized matrix of the iiata {x(l),xl(z), ., xM} e R4
K=K- gKlnxn T 1yxnK + n2 1xnK1yxn

3. Solve an eigenvalue prob_ITem |
Kol =nAal  wherea’ Ko’ =1

4. For any data point x (new or old), we can represent it as
kol
kIa?

T N
k,a

Georgia
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Kernel PCA Example

1.0

0.5 A

< 0.0

—0.5 1

—1.0+
35

Colors are for interpretation only; neither PCA uses the ring labels

Original data
oo %, .0.0
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0.4 - °
' )
[ ]
°>
0.2 T .'.
°P
[ ]
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Kernel PCA Example

Nested cylinders: colors identify surfaces; PCA uses only the coordinates

Original data (3D)

Linear PCA (3D - 2D)

o | lind .
© Guter cylinder 1.00 R A Gaussian RBF kernel PCA (3D — 2D)
< . o = 0.45
0.75 - . » )
. * 0.4 - w
0.50 1 - * 3 ."
E ) &
0.25 o m » ~N 0.2 ‘. *
(V] 0 ‘ g ]
o 0009 } . g S ’
0251 # { ® g 007
’ w ®
—0.50 1 & & _0.21
¢ - W8 0o
_0.75_ G e) T T T T T
* - —04 -02 0.0 0.2 0.4
—1.00 - M o g ¢ # Kernel PC 1
~1.0 —05 0.0 0.5 1.0
PC 1
36 Georgia
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Kernel PCA Example

 Reduce dimension and reconstruct back

MNIST denoising: 784 pixels = 64 kernel components —» 784 pixels

WOilcmradwYnNe 9
S OQONDT~ROMN -

.mm LTRSS
Q= NGAT 0D TS
LB — e 0 VDD D e N
mm%l ~0p =~ 00 % M o U &
EED ORI -— 32
2 PV D T T~~~

) e ) ~— N om0 QO
P JIIMmMNVWOT I

Noisy test images
MSE 00_625 - )

WO rX~adNNnN-e 9

NN ON TT~om e
gr= T % A =~ "\ N
EQ=WINSAT v -8
s — o NSO BN N
e A R
EN ORI - — 3
SN ESTedr———
My e ) — N oy QN
DI MmMNMmOYLY

Georgia
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= 0.005.

s. Display clipped to [0, 1]. Decoder a

all 1,000 test image

First 100 test examples shown; raw MSE over

37



	Slide 1: CSE/ISyE 6740 Computational Data Analysis  Kernel Methods
	Slide 2: Outline
	Slide 3: Nonlinear Representation
	Slide 4: Linear and Ridge Regression (recap)
	Slide 5: Polynomial Regression
	Slide 6: Least Mean Square Method for Polynomial
	Slide 7: Increasing the Maximal Degree
	Slide 8: Increasing the Maximal Degree
	Slide 9: Linear Regression v.s. Polynomial Regression
	Slide 10: High-dimensional Polynomial Regression
	Slide 11: Can We Generalize this Idea?
	Slide 12: Non-linear Regression (given embedding bold italic phi : double-struck cap R to the bold italic d goes to double-struck cap R to the , bold italic d prime , end superscript)
	Slide 13: Kernel Function
	Slide 14: Can We Avoid Expanding the Features?
	Slide 15: Example: Kernel SVM
	Slide 16: Kernel SVM Example
	Slide 17: Kernel SVM Example
	Slide 18: Common Kernel Functions
	Slide 19: What k open paren x ,x prime , , close paren  can be Called a Kernel Function?
	Slide 20: Kernel Regression
	Slide 21: Kernel Regression
	Slide 22: Kernel Regression
	Slide 23: Kernel Regression
	Slide 24: Kernel Regression Example
	Slide 25: Questions
	Slide 26: Kernel PCA
	Slide 27: Principal Component Analysis (recap)
	Slide 28: Kernel PCA
	Slide 29: Kernel PCA
	Slide 30: Kernel PCA
	Slide 31: Kernel PCA
	Slide 32: Kernel PCA
	Slide 33: Summary of Kernel PCA
	Slide 35: Kernel PCA Example
	Slide 36: Kernel PCA Example
	Slide 37: Kernel PCA Example


  y


  x ∈  ℝ d


  𝜖


  y =  𝜃 ⊤ x + 𝜖


  𝜖


  N  (  0 ,    𝜎 2 )


  n


  𝜃


   𝜃 ^ =   argmin 𝜃 L  ( 𝜃 ) +  𝜆 2    ‖ 𝜃 ‖ 2   ≔  1 n  ∑  i = 1 n     (   y   ( i ) −  𝜃 ⊤  x   ( i ) ) 2 +  𝜆 2    ‖ 𝜃 ‖ 2


    𝜕 L ( 𝜃 )    𝜕 𝜃 = −  2 n  X ⊤ y +  2 n  X ⊤ X 𝜃 + 𝜆 𝜃 = 0


  ⇒  𝜃 ∗ =    (   X ⊤ X + 𝜆 I )  − 1  X ⊤ y


  d


  y =  𝜃 0 +  𝜃 1 x +  𝜃 2  x 2 + … +  𝜃 d  x d + 𝜖


   x ~ =    (  1 , x ,  x 2 , … ,  x d ) ⊤


  𝜃 =    (   𝜃 0 ,  𝜃 1 ,  𝜃 2 , … ,  𝜃 d ) ⊤


   x ~


  y =  𝜃 ⊤  x ~


  n


  𝜃


   𝜃 ^ = a r g m i  n 𝜃   L  ( 𝜃 ) ≔  1 n  ∑  i = 1 n     (   y i −  𝜃 ⊤    x ~ i ) 2


   X ~ =    (     x ~   ( 1 ) ,    x ~   ( 2 ) , … ,    x ~   ( n ) ) ⊤ ∈  ℝ  n ×  (  d + 1 )


  y =    (   y   ( 1 ) ,  y   ( 2 ) , … ,  y   ( n ) ) ⊤ ∈  ℝ n


    𝜕 L  (   𝜃 ^ )  𝜕 𝜃 = −  2 n    X ~ ⊤ y +  2 n    X ~ ⊤  X ~ 𝜃 = 0                 ⇒  𝜃 ^ =    (     X ~ ⊤  X ~ )  − 1    X ~ ⊤ y


  d


  y =  𝜃 ⊤ x + 𝜖


  x ∈ ℝ ,   y ∈ ℝ


  𝒅


  y =  𝜃 0 +  𝜃 1 x +  𝜃 2  x 2 + … +  𝜃 d  x d + 𝜖


          =  𝜃 ⊤  x ~


   x ~ =    [  1 , x ,  x 2 , … ,  x d ] ⊤ ∈  ℝ  d + 1 ,   y ∈ ℝ


  x ∈ ℝ


   x ~ = 𝜙  ( x ) =    [  1 , x ,  x 2 , … ,  x d ] ⊤ ∈  ℝ  d + 1


   x ~


   D  t r a i n =    {   (   x   ( i ) ,  y   ( i ) ) }  i ∈  {  1 , 2 , … , n }


  y =  𝜃 ⊤ x + 𝜖


  x =    [   x 1 ,  x 2 , … ,  x d ] ⊤ ∈  ℝ d ,   y ∈ ℝ


  𝒌


  y =  𝜃 0 +  𝜃 1  x 1 +  𝜃 2  x 2 + … +  𝜃 d  x d


          +  𝜃  1 , 1  x 1  x 1 +  𝜃  1 , 2    x 1  x 2 +   …


          +  𝜃   i 1  i 2 , … ,  i m  x   i 1  x   i 2 …  x   i d + … + 𝜖


          =  𝜃 ⊤  x ~


   x ~ =    [  1 ,  x 1 , … ,    x   i 1  x   i 2 …  x   i k ] ⊤ ∈  ℝ   d ′ ,   y ∈ ℝ


  x ∈  ℝ d


   x ~ = 𝜙  ( x ) =    [  1 ,  x 1 , … ,    x   i 1  x   i 2 …  x   i k ] ⊤ ∈  ℝ   d ′


   x ~


   D  t r a i n =    {   (   x   ( i ) ,  y   ( i ) ) }  i ∈  {  1 , 2 , … , n }


  k


   (    k + d − 1 k )


  𝜙 :  ℝ d →  ℝ   d ′


  d


  d ′


  x ∈  ℝ d


   x ~ = 𝜙  ( x ) ∈  ℝ   d ′


   D  t r a i n =    {   (   x   ( i ) ,  y   ( i ) ) }  i ∈  {  1 , 2 , … , n }


   D  t r a i n ′ =  {   (  𝜙  (   x   ( i ) ) ,  y   ( i ) ) }


   D  t r a i n ′


   X ~ =    [  𝜙  (   x   ( 1 ) ) , 𝜙  (   x   ( 2 ) ) , … , 𝜙  (   x   ( n ) ) ] ⊤ ,   y =    [   y   ( 1 ) ,  y   ( 2 ) , … ,  y   ( n ) ] ⊤


   𝜃 ∗ =    (     X ~ ⊤  X ~ + 𝜆 I )  − 1    X ~ ⊤ y


  𝝓 :  ℝ 𝒅 →  ℝ   𝒅 ′


  k :  ℝ d ×  ℝ d → ℝ


   x   ( i ) ,  x   ( j )


  k  (   x   ( i ) ,  x   ( j ) ) =  ⟨  𝜙  (   x   ( i ) ) , 𝜙  (   x   ( j ) ) ⟩ = 𝜙    (   x   ( i ) ) ⊤ 𝜙  (   x   ( j ) )


  k  


  𝜙


  𝜙 :  ℝ d →  ℝ   d ′


  𝜙


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (     x i ⊤  x j )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i ,      ∑  i = 1 n   𝛼 i  y i = 0


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j  (      𝜙 ( x   ( i ) ) ⊤   𝜙 ( x   ( j ) ) )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i ,      ∑  i = 1 n   𝛼 i  y i = 0


  𝝓


      max 𝛼 ⁡  g  ( 𝛼 ) ≔  ∑  i = 1 n   𝛼 i −  1 2  ∑  i , j = 1 n   𝛼 i  𝛼 j  y i  y j k  (   x   ( i ) ,    x   ( j ) )


  s . t .   C ≥  𝛼 i ≥ 0       ∀ i ,      ∑  i = 1 n   𝛼 i  y i = 0


  𝒌


  k  (  x ,  x ′ ) =    (   x ⊤  x ′ ) d


  k  (  x ,  x ′ ) =    (   x ⊤  x ′ + c ) d


  k  (  x ,  x ′ ) =   exp ⁡   (  s ⋅  x ⊤  x ′ ) ≈ 1 + s  x ⊤  x ′ +    s 2    (   x ⊤  x ′ ) 2 2 +    s 3    (   x ⊤  x ′ ) 3  3 ! + …


  k  (  x ,  x ′ ) =   exp ⁡   (  −      ‖  x −  x ′ ‖ 2  2  𝜎 2 )


  k  (  x ,  x ′ ) =   exp ⁡   (  −    ‖  x −  x ′ ‖  2  𝜎 2 )


  k  (  x ,  x ′ ) =   exp ⁡   (  −   d    (  x ,  x ′ ) 2   s 2   )


  k  (  x ,  x ′ ) = 𝜙    ( x ) ⊤ 𝜙  (   x ′ )


  𝜙


  D =    {   (   x   ( i ) ,  y   ( i ) ) }  i ∈  {  1 , 2 , … , n }


  k  (   x   ( i ) ,  x   ( j ) )


  n × n


  K =  (     k  (   x   ( 1 ) ,  x   ( 1 ) )  k  (   x   ( 1 ) ,  x   ( 2 ) )  …  k  (   x   ( 1 ) ,  x   ( n ) )   k  (   x   ( 2 ) ,  x   ( 1 ) )  k  (   x   ( 2 ) ,  x   ( 2 ) )   k  (   x   ( 2 ) ,  x   ( n ) )   …   …    k  (   x   ( n ) ,  x   ( 1 ) )  k  (   x   ( n ) ,  x   ( 2 ) )   k  (   x   ( n ) ,  x   ( n ) ) )


  k  (  x ,  x ′ )


  K


  ∀   v ∈  ℝ n ,    v ⊤ K v ≥ 0


  k  (  x ,  x ′ )


  y


   D  t r a i n =    {   (   x   ( i ) ,  y   ( i ) ) }  i ∈  {  1 , 2 , … , n }


   D  t r a i n ′ =  {   (  𝜙  (   x   ( i ) ) ,  y   ( i ) ) }


   D  t r a i n ′


   X ~ =    [  𝜙  (   x   ( 1 ) ) , 𝜙  (   x   ( 2 ) ) , … , 𝜙  (   x   ( n ) ) ] ⊤ ,   y =    [   y   ( 1 ) ,  y   ( 2 ) , … ,  y   ( n ) ] ⊤


   𝜃 ∗ =    (     X ~ ⊤  X ~ + 𝜆 I )  − 1    X ~ ⊤ y


  K


  ∀   B ∈  ℝ  n × m


     (  B  B ⊤ + 𝜆 I )  − 1 B = B    (   B ⊤ B + 𝜆 I )  − 1


   𝜃 ∗ =    (     X ~ ⊤  X ~ + 𝜆 I )  − 1    X ~ ⊤ y


  x


     𝜃 ∗ ⊤ 𝜙  ( x ) =   𝜙  ( x ) ⊤  𝜃 ∗ =   𝜙  ( x ) ⊤    (     X ~ ⊤  X ~ + 𝜆 I )  − 1    X ~ ⊤ y


  K =    [  k  (   x   ( i ) ,  x   ( j ) ) ]  i , j ∈  [ n ] ∈  ℝ  n × n


   k x =    (  k  (   x   ( i ) , x ) )  i ∈  [ n ] ∈  ℝ  n × 1


  =  k x ⊤    (  K + 𝜆 I )  − 1 y


  =   𝜙  ( x ) ⊤    X ~ ⊤    (   X ~    X ~ ⊤ + 𝜆 I )  − 1 y


   D  t r a i n =    {   (   x   ( i ) ,  y   ( i ) ) }  i ∈  {  1 , 2 , … , n }


  K =    [  k  (   x   ( i ) ,  x   ( j ) ) ]  i , j ∈  [ n ] ∈  ℝ  n × n


  x


   k x =    (  k  (   x   ( i ) , x ) )  i ∈  [ n ] ∈  ℝ  n × 1


   k x ⊤    (  K + 𝜆 I )  − 1 y


  k  (  x ,  x ′ ) =   exp ⁡   (  −      ‖  x −  x ′ ‖ 2  2  𝜎 2 )


  𝜎 = 0 . 55


  𝜆 = 0 . 1


  𝜎


  𝜆


  𝜎


  𝜆


  𝜙


  x


   k x ⊤    (  K + 𝜆 I )  − 1 y


  n


   {   x  ( 1 ) ,  x  ( 2 ) , … ,  x  ( n ) } ∈  ℝ d


  𝜇 =  1 n  ∑  i = 1 n   x   ( i )


  C =  1 n  ∑  i = 1 n   (   x   ( i ) − 𝜇 )    (   x   ( i ) − 𝜇 ) ⊤


   w 1 ,    w 2 ,   …


  C


   𝜆 1


   𝜆 2


   z i =  (               w 1 ⊤  (   x   ( i ) − 𝜇 )     𝜆 1         w 2 ⊤  (   x   ( i ) − 𝜇 )     𝜆 2    … )


  n


   {   x  ( 1 ) ,  x  ( 2 ) , … ,  x  ( n ) } ∈  ℝ d


  𝜇 =  1 n  ∑  i = 1 n  𝜙  (   x   ( i ) )


  C =  1 n  ∑  i = 1 n   (  𝜙  (   x   ( i ) ) − 𝜇 )    (  𝜙  (   x   ( i ) ) − 𝜇 ) ⊤


   w 1 ,    w 2 ,   …


  C


   𝜆 1


   𝜆 2


   z i =  (               w 1 ⊤  (  𝜙  (   x   ( i ) ) − 𝜇 )     𝜆 1         w 2 ⊤  (  𝜙  (   x   ( i ) ) − 𝜇 )     𝜆 2    … )


   C ~ =  1 n  ∑  i = 1 n   (  𝜙  (   x   ( i ) ) − 𝜇 )    (  𝜙  (   x   ( i ) ) − 𝜇 ) ⊤


   x   ( i )


  𝜙  (   x   ( i ) )


   C ~ =  1 n  ∑  i = 1 n  𝜙  (   x   ( i ) )   𝜙  (   x   ( i ) ) ⊤ =  1 n    X ~ ⊤  X ~


   w j


   w j =  ∑  i = 1 n   𝛼 i 𝜙  (   x   ( i ) ) =    X ~ ⊤ 𝛼 .                           w h e r e   𝛼 ∈  ℝ n


   C ~  w j =  𝜆 j  w j


   x   ( 1 )


   x   ( 2 )


   x   ( 3 )


  𝜙  (   x   ( 1 ) )


  𝜙  (   x   ( 2 ) )


  𝜙  (   x   ( 3 ) )


   w j =


     𝛼 1 𝜙  (   x   ( 1 ) ) +  𝛼 2 𝜙  (   x   ( 2 ) ) +  𝛼 3 𝜙  (   x   ( 3 ) )


   𝜆 j  w j = C  w j =  1 n    X ~ ⊤  X ~  w j =  1 n    X ~ ⊤  X ~    X ~ ⊤ 𝛼 =  1 n    X ~ ⊤ K 𝛼


   X ~


   1 n  X ~    X ~ ⊤ K 𝛼 =  𝜆 j  X ~  w j =  𝜆 j  X ~    X ~ ⊤ 𝛼 =  𝜆 j K 𝛼


   1 n  K 2 𝛼 =  𝜆 j K 𝛼


  K  𝛼 j = n  𝜆 j  𝛼 j


   𝛼 j


  K


  n  𝜆 j


   w j =    X ~ ⊤  𝛼 j


     ‖   w j ‖ 2 =    𝛼 j ⊤  X ~    X ~ ⊤  𝛼 j =    𝛼 j ⊤ K  𝛼 j = 1


   𝛼 j


  x


  z =  (          𝜙    ( x ) ⊤  w 1    𝜙    ( x ) ⊤  w 2    …    𝜙    ( x ) ⊤  w n ) =  (          𝜙    ( x ) ⊤    X ~ ⊤  𝛼 1    𝜙    ( x ) ⊤    X ~ ⊤  𝛼 2    …    𝜙    ( x ) ⊤    X ~ ⊤  𝛼 n ) =  (           k x ⊤  𝛼 1     k x ⊤  𝛼 2    …     k x ⊤  𝛼 n )


  𝜙  (   x   ( i ) )


   𝜙 ~  (   x   ( i ) ) = 𝜙  (   x   ( i ) ) −  1 n  ∑  k = 1 n  𝜙  (   x   ( k ) )


   𝜙 ~


   K ~  (   x   ( i ) ,  x   ( j ) ) =


   𝜙 ~    (   x   ( i ) ) ⊤  𝜙 ~  (   x   ( j ) )


  =    (  𝜙  (   x   ( i ) ) −  1 n  ∑  k = 1 n  𝜙  (   x   ( k ) ) ) ⊤  (  𝜙  (   x   ( j ) ) −  1 n  ∑   k ′ = 1 n  𝜙  (   x   (   k ′ ) ) )


  = K  (   x   ( i ) ,  x   ( j ) ) −  1 n  ∑   k ′ = 1 n  K  (   x   ( i ) ,  x   (   k ′ ) ) −  1 n  ∑  k = 1 n  K  (   x   ( k ) ,  x   ( j ) ) +  1   n 2  ∑  k , k ′  K  (   x   ( k ) ,  x   (   k ′ ) )


   K ~ = K −  1 n K  𝟏  n × n −  1 n  𝟏  n × n K +  1   n 2  𝟏  n × n K  𝟏  n × n


  k :  ℝ d ×  ℝ d → ℝ


   {   x  ( 1 ) ,  x  ( 2 ) , … ,  x  ( n ) } ∈  ℝ d


   K ~ = K −  1 n K  𝟏  n × n −  1 n  𝟏  n × n K +  1   n 2  𝟏  n × n K  𝟏  n × n


   K ~  𝛼 j = n  𝜆 j  𝛼 j


     𝛼 j ⊤ K  𝛼 j = 1


  x


  z =  (           k x ⊤  𝛼 1     k x ⊤  𝛼 2    …     k x ⊤  𝛼 n )

